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Abstract. We study hyperbolic curves and their Jacobians over finite 
fields in the context of anabelian geometry. 



1. Introduction 

This paper is inspired by the foundational results and ideas of John Tate in the 
theory of abelian varieties over finite fields. To this day, the depth of this theory 
has not been fully explored. Here we apply Tate's theorems to anabelian geometry 
of curves over finite fields. 

Let C be an irreducible smooth projective curve of genus g = g(C) > 2 
defined over a field k and let C(k) be its set of fc-rational points. When k is the 
field of complex numbers, the complex torus 

H^q.n^/Hitcoq.z) 

is the set of complex points of an algebraic variety, the Jacobian variety J of C. 
Choosing a point Co € C(C) we get a map 

C(C) -» J(C) 
c ^(iv^J^uj), 

where oj £ fl^ is a global section of the sheaf of holomorphic differentials on C 
and 7 is any path from Co to c. In a more algebraic interpretation, the abelian 
group J(C) is isomorphic to Pic°(C)/C(C)*, the group of degree zero divisors on 
C modulo principal divisors, and the map above is simply: 

C(C)-> J(C) 

C I ► C Cq . 

This construction can be carried out over any field k, provided C{k) ^ and 
also contains the basepoint c : by a fundamental result of Weil, the Jacobian J 
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is defined over the field of definition of C, and the set-theoretic maps above arise 
from fc-morphisms. 

For each n £ N, we get maps 

C n (k) ^ C {n \k) ^ J(k) 

where C n is the n-th power and C 1 -™' = C n /& n is the n-th symmetric power 
of C, i.e., C <y ' n \k) is the set of effective degree n zero-cycles on C which are 
defined over k. The map to the Jacobian assigns to a degree n zero-cycle c\ + 
. . . + c n £ C^ n '(k) the degree zero-cycle (ci + . . . + c n ) — ucq. The maps (p n 
capture interesting geometric information. For example, </>g is birational, which 
leads to an alternative definition of J as the unique abelian variety birational to 
C*( g ). The locus 6 := <^ g _i(C« 1 )) c J is an ample divisor, the theta-divisor. 
The classical Torelli theorem says that the pair (J, 9), consisting of the Jacobian 
J of C and its polarization 8, determines C up to isomorphism. This theorem 
holds over any field and is one of the main tools in geometric and arithmetic 
investigations of algebraic curves, relating these to much more symmetric objects 
- abelian varieties. 

From now on, let ko be a finite field of characteristic p and k = ko an algebraic 
closure of kg. Recall that J{k) is a torsion abelian group, with ^-primary part 

J{£} ~ (Q e /Ze) 2e , for I ± p. 

The description of J{p} is slightly more complicated: there exists a nonnegative 
integer n < g such that J{p} = (Q p /Z p ) n . Nevertheless, as an abstract abelian 
group, J(k) depends "almost" only on the genus g of C. The procyclic Galois 
group of fc/fco acts on J{k) and one can consider the Galois representation on the 
Tate-module: 

T e (J):=lunJ[£ n ], 1+ p, 

where J[l n ] C J(k) is the subgroup of £ n -torsion points. Let Fj be the character- 
istic polynomial of the Frobenius endomorphism on 

V t (J) := IX J) (8 Qt- 

By a fundamental result of Tate, Fj determines the Jacobian as an algebraic 
variety, modulo isogenies: 

Theorem 1.1 (Tate [Tat66]). Let J, J be abelian varieties over ko and Fj,Fj £ 
Z[T] the characteristic polynomials of the ko-Frobenius endomorphism Fr acting 
on Vt(J), resp. Vi{J). Then 

Horn (J, J) (g) TLg Horn ,. (T e ( J), T e (J)). 
The abelian varieties J and J are isogenous if and only if Fj = Fj. 
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In particular, while the Galois-module structure of J{k) distinguishes J in a 
rather strong sense (but not up to isomorphism of abelian varieties, an example 
can be found in [Zarj . Section 12), the group structure of J(k) does not. 



In this paper, we investigate a certain "group-theoretic" analog of the Torelli 
theorem for curves over finite fields. This analog has a natural setting in the 
anabelian geometry of curves. Throughout, we work in characteristic > 3. 

Let J 1 = J 1 be the Jacobian of (degree 1 zero-cycles of) C and 



h : C(k) J\k) 



(1) 



the corresponding embedding. The Jacobian J of degree zero-cycles on C acts on 
J , translating by points c G C(k). Let C, resp. J, be another smooth projective 
curve, resp. its Jacobian. We will say that 

: (C, J) -> (C, J) 

is an isomorphism of pairs if there exists a diagram 



J{k) 



J{k) 



J\k) 



C(k) 



C(k) 



where 



• (j>° is an isomorphism of abstract abelian groups; 

• (j) 1 is an isomorphism of homogeneous spaces, compatible with <fr; 

• the restriction 4> s : C(k) — > C(k) of (j) 1 is a bijection of sets. 



Our main result is: 

Theorem 1.2. Let k = ¥ P! with p > 3, and let C, C be smooth projective curves 
over k of genus > 2, with Jacobians J , resp. J . Let 

: (C, J) -> (C, J) 

be an isomorphism of pairs. Then J and J are isogenous. 

Conjecture 1.3. Under the assumptions of Theorem \l.S\ C and C are isomorphic 
as algebraic varieties, modulo Frobenius twisting. 



There are examples of geometrically nonisomorphic curves over finite fields 
with isomorphic Jacobians, as (unpolarized) algebraic varieties over k . Pairs of 
such curves are given by 
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y 2 = (x 3 + l)(x 3 - 1) and y 2 = (x 3 - l)(a; 3 - 4) 



over Fix with Jacobian E x E, for a supersingular elliptic curve E, or 

y 2 = x 5 + x 3 + x 2 - x - 1 and y 2 = x 5 - x 3 + x 2 - x - 1 

over F3, with a geometrically simple Jacobian (see [IKO86], |How96j and the 
references therein). 

Theorem 11.21 was motivated by Grothendieck's anabelian geometry. This is a 
program relating algebraic fundamental groups of hyperbolic varieties over arith- 
metic fields to the underlying algebraic structure. One of the recent theorems in 
this direction is due to A. Tamagawa: Let II be a nonabelian profinite group. 
Then there are at most finitely many curves over k = ¥ p with tame fundamental 
group isomorphic to II [Tam04| . Tamagawa generalized previous results by Pop- 
Saidi [PS03J and Raynaud |Ray02], who proved similar statements under some 
technical restrictions on curves. The main new ingredient in Tamagawa's proof is 
a delicate geometric analysis of special loci in Jacobians. 

In the second part of this paper, we apply Theorem 1 1.21 to a somewhat ortho- 
gonal problem. Namely, we focus on the prime to p part of the abelianization of the 
absolute Galois group of the function field of the curve, together with the set of 
valuation subgroups. Our main result (Theorem I9.3|) is that for projective curves 
C over fc, of genus g(C) > 4, the pair (Q^,!), consisting of the abelianization 
of the Galois group of K = k(C) and the set X — {I v } v of procyclic subgroups 
I v C Qj{ corresponding to nontrivial valuations of K, determines the isogeny class 
of the Jacobian of C. 

Here is a road-map of the paper. In Section [2j included as a motivation for 
Conjecture [Ol we discuss certain subvarieties of moduli spaces of curves cut out 
by conditions on the order of zero-cycles of the form c-c'onCin the group J(k) 
(i.e., images of Hurwitz schemes and their intersections). Typically, very few such 
conditions suffice to determine C, up to a finite choice. In Section [3] we study the 
formal automorphism group Gc of the pair (C, J) and derive some of its basic 
properties. In Section |4] we collect several group-theoretic results about profinite 
groups which we apply in Section [5] to prove that any elements 7,7 £ Gc have 
the property that some integral powers 7™, 7" commute. We then prove that this 
holds for the Frobenius endomorphisms </>°(Fr) and Fr, as elements in End^ o (J), 

whenever we have an isomorphism of pairs <j) : (C,J) — > (C,J). In Section [6] 
we apply the theory of integer-valued linear recurrences as in |CZ0 2] to obtain 
a sufficient condition for isogeny of abelian varieties. In Section [7] we construct 
towers of degree 2 field extensions 

fc C . . . C k n . . . C kao, resp. k C . . . C k n . . . C fcoo, 

provide set-theoretic intrinsic definitions of J(k n ), resp. J(k n ), and establish that 

<p°(J(k n )) C J(k n ), for all n. 
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Combining Tate's theorem 11.11 with Theorem 16.31 we conclude that J and J are 
isogenous. In Sections [8] and [9] we discuss extensions and applications of Theo- 
rem 11.21 to anabelian geometry. In the Appendix we establish several geometric 
facts on abelian subvarieties in special loci in Jacobians, needed in Section [9l 

Acknowledgments: We are grateful to A. Venkatesh and U. Zannier for useful 
suggestions, and to B. Hassett and Yu. Zarhin for their comments. The first 
author was partially supported by NSF grant DMS-0701578. The third author 
was partially supported by NSF grant DMS-0602333. 

2. Curves and their moduli 

Let C be an irreducible smooth projective curve of genus g = g(C) > 1 over a 
finite field fco of characteristic p, with C(fco) ^ 0, and let J = Jc be its Jacobian. 
The Jacobian of degree 1 zero-cycles J 1 is a principal homogeneous space for J. 
For £ a prime number let 

J{£} := U neN J[r] C J(k), resp. T e (J) = lim J[P l ] 

be the ^-primary part of J(k), resp. the Tate- module. For any set of primes S, 
put 

J{S} :=0JWC J(k). 

ies 

The order of x e J(k) will be denoted by ord(x). 

Lemma 2.1. Let C be a curve of genus g > 1. Let J be its Jacobian and a £ J(k) 
be such that 

a + C(k) C C(k) C J l (k). 

Then a = 0. 

Proof. Let (a) be the cyclic subgroup generated by a and let n be its order. The 
translation by a gives an action of (a) on J 1 and a separable nonramified covering 
C — > C/(a) of degree n. The quotient J := J /(a) acts on the corresponding 
principal homogeneous space J 1 — J 1 / (a). The image C of C under the projection 
J 1 — > J 1 has genus g = g/n — 1/n + 1 < g, since n > 2 and g(C) > 2. Hence 
the Jacobian of C is a proper abelian subvariety of J, of dimension at most g. 
It follows that the same holds for its preimage C, contradicting the fact that C 
generates J. □ 

Definition 2.2. A ordered set R n = {ri, . . . , r n } of integers Tj > 1, with p \ Tj for 
all j, will be called an n-string. Let J be an abelian variety over k and X C J{k). 
A ordered subset {xq, X\,..., x n } C X will be called an R n - configuration on X if 
Tj = ord(xj — Xq), for 1 < j < n. 
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We will mostly consider the case when X = C(k) '—* J(k), where C is a curve 
of genus g = g(C) > 1. Note that an isomorphism of pairs <f) '■ (C, J) — > (C, J) 
preserves all configurations, i.e., for all n € N, every i?„-configuration in C(k) C 
J(k) is mapped to an -Reconfiguration in C(k) C J(k). 

Theorem 2.3. Let C be a curve over k = F p of genus g > 1. Then there exists a 
string R n , with n < 2g such that 

• C(k) C J(k) contains an R n - configuration, 

• there exist at most finitely many nonisomorphic curves of genus g contain- 
ing an R n - configuration, modulo Frobenius twists. 

Proof. We write M. g , n for the moduli space (stack) of genus g curves with n- 
marked points. We start with the following 

Lemma 2.4. Every string i?i defines an algebraic subvariety T>R lig C M gt \ of 
dimension 2g — 1 with a finite surjection onto a subvariety of Ai g . 

Proof. Moduli computation. The cycle c\ — Co of order to prime to p is the same 
as a function / on C with divisor m(ci — Co). It defines a separable cover C — > P 1 
of degree to, which is completely ramified over two points: 0, oo. The variety of 
such covers is a Hurwitz scheme, it is defined over ¥ p C k. The genus computation 
gives an upper bound of 2g for the number of additional ramification points. Since 
there are only finitely many covers of fixed degree with fixed branch points in P 1 , 
the dimension of the corresponding Hurwitz scheme is bounded by 2g — 1. □ 

Remark 2.5. Over C, this Hurwitz scheme is irreducible and has dimension 2g — 1. 
The generic point of this scheme corresponds to a cover with simple additional 
ramification points whose images are all distinct. 

The subvariety of M g parametrizing curves with an i?„-configuration is con- 
tained in the intersection of varieties corresponding to configurations of order 1 
built from appropriate subsets of R n . 

We proceed by induction: Assume that C contains an i?„-configuration 
{co, . . . ,c„} C C(k) and let 2?_r„ C M gi i be a union of irreducible subvarieties 
of dimension 2g — n — 1, corresponding to curves with such a configuration, each 
having a finite map onto a subvariety of M g . We will use Hrushovski's theorem 
[Hru96| for the Jacobian fibration of the universal curve over the function field 
of each irreducible component V of Vr t : the number of points of finite order 
(coprime to p) on a nonisotrivial curve embedded into an abelian variety, over 
a function field of positive dimension, is bounded. In particular, there exists an 
N n+ i such that: 

1. there is a point c n +i with c n +i — Co of order N n +x, 

2. the subvariety of T> parametrizing curves with a torsion point of order 
N r +\ is a proper subvariety. 

Iterating this, in at most 2g — 1 steps we obtain a string R and a zero-dimensional 
variety V such that C(k) contains an ^-configuration which distinguishes C from 
all but finitely many other genus g curves over k. 
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Note that the presence of a given configuration is invariant under Galois 
automorphisms. Since the subvarieties T> C M. g ,i are defined over fco we obtain 
in the end a subset of fco-points in M. g ,\. □ 

Theorem 12.31 is far from optimal. If we assume that cq is defined over fco and 
ci over an extension of fco than the Galois conjugate of c\ — cq has the same order, 
so that the corresponding point in the image of the Hurwitz scheme in M. g .i is 
singular and, moreover, nonnormal. 

We have dim M. gt i = 3g — 2 and codiml? n = g — 1. If the varieties V n inter- 
sected with correct codimensions then a 3-configuration would give a subvariety 
of dimension 1 in M g: \ and a 4-configuration - a zero-dimensional subvariety in 
M e ,i. 

By generic local computations, the dimension of double and triple intersec- 
tions of Hurwitz schemes corresponding to 1-strings with coprime entries should 
be at most the dimension of a transversal intersection of varieties of the same 
dimension. Thus we expect that a triple intersection has dimension 1, and that 
quadruple intersections have dimension 0. 

Conjecture 2.6. For any curve C of genus g(C) > 2 there exist a string R4 and an 
i?4- configuration on C such that all curves C with an R4- configuration on C real- 
izing the R^-string are Galois conjugated to C . Moreover, all such configurations 
on C are also Galois conjugated. 

Clearly, this would imply a strong version of Conjecture 11.31 

Remark 2.7. Consider R3 = {2, 3}. Transversality would give 3g — 2— (2g — 2) = g 
in this case. However, the corresponding intersection is trivial. 

Indeed, in general the set of solutions nco — nc is trivial for odd n < g — 1, 
and a point Co invariant under a hyperelliptic involution. For n < g — 1 and n 
even the point c is always invariant under a hyperelliptic involution. 

In fact, we have a "supertransversality" for these Hurwitz schemes. 

Proposition 2.8. Let ri,r{ be coprime integers. Let R\ = {r{\ and R[ = {r[} be 
the corresponding 1-strings and Z :— T>n ltg n 2?_R' 1!g C M g .i the intersection of 
the associated Hurwitz schemes. Then Z — 0, provided g > (n — l)(r^ — l)/2. 

Proof. The coprimality condition implies that the pair of functions (/ ri , f r > ) , with 
divisors r\{c\ — Co), resp. r^c'j — Co), realizing the configuration, gives a map 
C — * P 1 x P 1 , birational onto its image. The family of such curves in P 1 x P 1 is 
algebraic. Hence g(C) < (ri — l)(r[ — l)/2. A smooth curve in the family has 
genus g = (C(C + K)/2) + 1 (where K = i^ P i xF i is the canonical class) which 
gives 

(r 1 H+r' 1 H')((r[-2)H+(r' 1 -2)H / ) = (2r 1 r[-2n-2r' 1 )/2 + l = (ri-l)(r[-l). 

The image of C in P 1 x P 1 has a singularity in the image of c , the same singularity 
as the rational curve (t Tl ,t Vl ). This rational curve has the same homology class 
as C and has exactly two equivalent singularities, at (0,0) and at (00,00). Thus 
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if (ri — l)(r[ — 1) — 2§(rx,ri) = then the defect of the singularity is 6(ri, r[) — 
(ri — — l)/2, which gives a lower bound for the defect for C. Hence g(C) < 

(n-l)(ri-l)/2. ' □ 

Conjecture 2.9. Let f Tl , f r > , f r » 6 k(C) be functions as above and A € k* \ {1}. 
Assume that there are four points Co, ci, C2, C3 € C(fc) smc/i i/iai 

div (/n) = r i( c o - ci) 
div(/,. ; ) = ri(c - c 2 ) 
div(/;' i )=r' 1 '(co-c 3 ) 

and such that 

/n(c 2 ) = 1 and / ri (c 3 ) = A. 
TTien iftere are only finitely many curves C with the same property. 
This would imply that the 3-point scheme intersection 

% 1 «ni'j i ;, g nB iifi8 c^ ll 

has dimension at most 1, and consequently the finiteness part of Conjecture 12,61 
We don't know whether or not this intersection is irreducible. We would expect 
it at least for sufficiently large coprime r\ , r[ , r" . 



3. Formal automorphisms 

Let A be an abelian variety, A 1 a principal homogeneous space for A and X C A 1 
a subvariety not preserved by the action of an abelian subvariety of A of positive 
dimension. 

Lemma 3.1. The subgroup 

Stab x := {a € A{k) \ a + X(k) C X(k)} 

is finite. 

Proof. See, e.g., |Abr94j . □ 

Let Aut(A) be the group of automorphisms of the torsion abelian group A(k). 
Note that Ant (A) is a profinite group since all of its orbits in A(k) are finite. In 
fact, we have 

Aut(A) = Aut(A) p x J| GL 2d (Z^), 

with d = dim A and Ant(A) p — GL„(Z p ), where n is the rank of the etale p- 
subgroup of A(k). 
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The group Aut(A) has a split affine extension 

1 -> A(k) -» Aut(A) aff -► Aut(A) -» 1 (2) 

which acts on Since A(fc) is a discrete group, Aut(A) aff carries a natural 

topology. Let 

G x ■■= {7 G Aut(A) aff I j{X(k)) C A(fc) c A 1 (fc)} 

be the subgroup preserving X(k). We call Gx the group of automorphisms of the 
pair (A, A). 

Lemma 3.2. The group Gx is closed in the topological group Aut(A) aff . Its pro- 
jection to Aut(.A) has finite kernel. 

Proof. Choose a point x € X(k) C A 1 (k) and let Aat(A) x C Aut(A) aff be a 
section of the projection in ([2]) of automorphisms fixing x. With this choice, we 
may assume that X C A. We claim that the subgroup Gx H Aut(A) x has finite 
index in Gx, for all x € X, and that its image in Aat(A) x is closed in the profinite 
topology. 

For each a £ A{k) the stabilizer G a C Gx has finite index since the order of 
a is unchanged under an automorphism of A. Note that Gx acts on the subgroup 
of A(k) generated by zero-cycles with support in X(k). Consider the map 

X x X —> A 
(x, x') I— > x — x', 

choose an a 6 A(k) whose preimage in X x X is nonempty and of minimal 
dimension and let X a be the projection of this preimage to the first factor. Note 
that the stabilizer G a preserves X a {k) and that for dimension reasons dimA^ < 
dim A. Thus we can assume that G a maps to Gx a - If dimA Q = then Gx H 
Ant(A) x has finite index in G Q (and hence in Gx) for any x € X a (k). There are 
two possibilities: 

1. X a is not preserved by the action of a nontrivial proper abelian subvariety 
of A, 

2. A Q is preserved by the action of a nontrivial proper abelian subvariety 
B a C A. 

In the first case we use induction on dimension: if dimA Q > then, by the 
inductive assumption, we can find an x £ X a (k) with Gx a H Aut^^ having 
finite index in Gx a - The preimage of Gx a H AvX(A) x in G a has also finite index 
in Gx and we obtain the result. 

In the second case, Gx a contains B a (k) as a subgroup and Gx a /B a (k) has 
a subgroup of finite index Gx a /B a (k) n Aut(A) x >, by the inductive assumption. 
Thus Gx contains a subgroup Gb +x'X of finite index. Consider other subvarieties 
Gx' a - Then either there exists an X' a which is not preserved by the action of 
an abelian subvariety and we can apply the previous argument to find a point 
x e X' a (k) or there is a nontrivial B such that all X a are preserved by the action 
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of B. Since the union of all X a of minimal nonzero dimension forms an open 
subset of X we obtain that X is preserved by the action of B, contradicting our 
assumption. Thus we can find at least one x £ X(k) with Gx H Aut(A) a of finite 
index in Gx ■ Note that for other x' £ X we have 

G x n Aut(A) a n Aut(A) a / = G x n Aut(A) a n G x _ x ' 

and hence it has finite index in Gx- It follows that Gx H Aut(A) x < also has finite 
index in G^, for any x' £ X{k). 

Thus the orbit Gx ■ x is finite. The stabilizer of x in Gx has finite index and 
lies in Aut(A) x . It remains to observe that the stabilizer is closed in AxA,{X) x , 
using the same argument. 

Lemma [2Al implies immediately that the projection has finite kernel. □ 

Remark 3.3. The group Gx always contains the procyclic subgroup Z generated 
by a Frobenius automorphism, and its extension by a finite group of algebraic 
automorphisms of the pair (X, A). 

Proposition 3.4. Let A be an abelian variety of dimension d and X C A 1 a 
subvariety. Let Gx be the group of automorphisms of the pair (X, A) . Let 

i/> = Y[il>t : Gx ~>Y[G\-2d(Zi) 

be the corresponding homomorphism. Then, for all 7 £ Gx-,1 7^ 1, there are 
infinitely many £ such that ipe(l) 7^ 1- 

Proof. Assume the contrary. Then there is a finite set of primes S and a projection 
X —>■ A{S} such that 7 acts trivially on the fibers. Let y £ A{S} be such that 
V 7^ 7(2/) an d let X y be the preimage of y in X. Then 'y(Xy) = X 7 ( y y Moreover, 
X^ty) = X y + 7(2; ) — x. Thus Xy(„) C X n (X + j(x) — x). On the other hand, 
X n (X + j(x) — a;) is a proper subvariety of smaller dimension. 

However, the number of points in X and X y is the same for finite fields over 
which the points from A{5} are not defined, and the number of such fields is 
infinite. Contradiction. □ 

Definition 3.5. A homomorphism of abelian groups (j>° : A(k) — > A(k) is called a 
formal isogeny if it arises from a sequence of algebraic isogenics </>? : A — > A, 
with the property that for all finite subgroups G C A(k), there exists an n(G) £ N 
such that 4>°\ G = $,\G, for all > n(G). 

An example is a Z* -power of the Frobenius endomorphism Fr £ Endfe (A). 

Proposition 3.6. Let (X, A) be a pair as in Proposition \3.4\ and let 7 £ Gx be an 

element which commutes with the Frobenius action. Then 7 is a formal isogeny. 

Proof. By Tate's theorem ll.il Endfe (A) ® is equal to the centralizer of Frobe- 
nius in End(T^). By assumption, the reduction of ^(7) is in this centralizer, mod- 
ulo any finite power of I. Thus it is approximated by elements in End feo (A) , on 
every finite subgroup of A(k). □ 
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4. Group-theoretic background 

In this section we collect some group-theoretic facts which will be needed in the 
proof of Theorem 15.131 - assuring that the Frobenius endomorphisms in Endfe(J) = 
Endfe(J) commute. 

Lemma 4.1. Let £ > n + 1 be a prime and G C GL„(Z£) a closed subgroup with 
an abelian £-Sylow subgroup. Assume further that G is generated by its £-Sylow 
subgroups. Then G is abelian. 

Proof. Since £ > n + 1, the group G does not contain elements of finite border. 
Indeed, assume that 7 € GL„(Z^) has order I. Then it generates a subalgebra of 
the matrix algebra which contains a subfield Q^(vl), which has dimension I — 1 
over Qi, and has to embed into the natural representation space Q™. This implies 
that £ <n + l. 

Consider the reduction homomorphism 

& : G^GL„(Z/£). 

The preimage G° = of the identity in GL n (Z/£) is a normal pro-£ subgroup. 

In particular, Go is contained in every ^-Sylow subgroup of G. Hence Go is abelian 
and torsion-free, i.e., Go — Z£, for some r e N. 

Step 1. Since G is generated by its ^-Sylow subgroups, which are abelian, and 
Go is contained in all these subgroups, Go commutes with all elements of G. Let 
G' be the ^-component of the center of G. It is a torsion free group isomorphic 
to Z£ and containing Go as a subgroup of finite index. 

Thus G is a central extension 

1 -> G -» G -» G' -> 1 (3) 

where G' is a finite group. 

5iep 2. This central extension is defined by an element 7 C H 2 (G',Z^), 
which has finite order since G' is finite. Hence 7 is the image of an element 
from H 1 (G / , Z/£ m ) for some m S N, under the Bockstein homomorphism. This 
means that the corresponding central extension is induced from a homomorphism 
G 1 — > (Z/£ m ) r , i.e., we have a commutative diagram 
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1 G' >- G 



*■ a > i 



/ 

1 ^ 17 t >■ 1 r t > {Z/£ m ) r > 1 

1 1 

where G = Ker(/) is a finite normal subgroup of G. 

Step 3. Since G has no £-torsion, G has order coprime to I. It follows that / 
admits a section a : 7L\ — ► G. 

Step 4- We claim that Z£ acts trivially on G and that the extension 
1 -» G -» G -A Z£ ^ 1 

splits. 

Let g € GL„(Zf) be an element of infinite border (i.e., all reductions 
$e.™{g) € GL„(Z/^ m ) are of nontrivial ^-power order). Consider an element 
h £ G C GL n (Zi) of finite order. Assume that commutes with ft-. Then g 
commutes with ft. 

We have g = g s g u where g s is semi-simple, g u is unipotent, and g s ,g u com- 
mute. If an element h € GL„(Z^) has finite order and commutes with g then it com- 
mutes with g s and g u . Note that g^ — (g u ) and that they have the same commu- 
tators. Thus we can assume g — g s . In this case the algebra Qe[g] C Mat nx „(Q^) 
is a direct sum of fields (finite extensions of Qe)- 

The subalgebra in Mat„ X n(Q^) of elements commuting with ft is a direct sum 
of matrix algebras over division algebras with centers k\ 9 ^ . We have a natural 
embedding of algebras Qe[g e ] C Q^ffl- If this embedding is an isomorphism then 

h commutes with g. Otherwise, there is a proper subfield k\ 9 ) c K\ 9 \ which 
does not contain the projection of g to this component of the matrix algebra. 
Since it contains g , the corresponding extension has degree £, contradicting the 
assumption that t > n. 

Step 5. Since G is generated by its ^-Sylow subgroups and all elements of G 
commute with Z£, it follows that G — 1 and G = 7L\. □ 

Lemma 4.2. Let H' — > H be a surjective homomorphism of finite groups. Assume 
that we have an exact sequence 

1 -» S t -» H -» C -» 1 
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where is a nontrivial normal ^-subgroup of H, C is a cyclic group whose order 
is a power of a prime number 7^ £. 

Then there is an £-Sylow subgroup C H' such that 

• surjects onto S^, 

• the normalizer IM' of in H' surjects onto H. 

In particular, there exists an element hi S N' of order coprime to £ which surjects 
onto a generator of C. 

Proof. All £-Sylow subgroups of H' surject onto . Hence they generate a proper 
normal subgroup S' C H' which surjects onto S^. Any hi G H' acts (by conjugation) 
on the set S(H') of £-Sylow subgroups of H'. 

Since S' acts transitively on S(H') there exists an element s' € S' such that 
h's' acts with a fixed point on S(H'). Let S be an £-Sylow subgroup preserved 
by h's' . The normalizer IM' of S' surjects onto H. In particular, we can find an 
element hi contained in this normalizer, of order coprime to £, which is mapped 
to a generator of C. □ 

Let H be a finite group and £,p two distinct primes. We say that H contains 
an (£,p m )-extension {s £ S|,n e l\l} if the following holds: 

• Si C H is an ^-Sylow subgroup, 

• N C H is a subgroup containing as a normal subgroup, 

• the quotient C := N/S^ is a cyclic group of order p m+1 , 

• n 6 N projects onto a generator of C, 

• s 6 Sf satisfies [s, n p ] ^ 1 in Si. 

Corollary 4.3. Let ir : H' — > H be a surjective homomorphism of finite groups. 
Assume that H contains an (£,p m ) -extension {s S S(, n S N}. Then H' contains 
an (£,p m )-extension {s' € S^, n' e N'}. Moreover, 

• ml > ra, 

• tt(S'() = Si, 

• 7r(s') = S. 

• 7r(n') = n. 

Proof. We start with the exact sequence 

1 -> S e -» N -> C -> 1. (4) 



The full preimage of N in H' contains an ^-Sylow subgroup of H'. By Lemma l4T2l 
the normalizer of in H' contains an element n' of order coprime to £ such that 
7r(n') = n, surjecting onto a generator of C. We may correct n' such that its 
order becomes a power of p. It is divisible by the order of C, i.e., it equals p rn +1 , 
with m' > to. Let N' C H' be the subgroup generated by and n'. Take s' to 
be any element in the preimage 7r -1 (s). Then {s' g S^,n' g N'} is the required 
{£,p m )-extension. □ 

Let G be a semi-simple linear algebraic group over Z. We will use the following 
generalization of a theorem of Jordan: 
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Theorem 4.4. Let kg be a field with q — p r elements. There exists ann — n(G) G N 
such that every subgroup G C G(fco) with p j \G\ contains an abelian normal 
subgroup H C G with \G/H\ < n. 

Further, there exists an £q = £q(G) such that for all primes £' and all primes 
£ > £q with £ 7^ £' , the £-Sylow subgroups of G(Z/£') and G(Z^) are abelian. 

Proof. See |BF66j . |Wei84j . □ 

Proposition 4.5. Let G be a profinite group. Let S be an infinite set of primes. 
Assume that G admits a continuous homomorphism 

i> = Y[i> e : G^l[G(Z e ). 

ees ees 

Assume that for all 7 <E G, 7 ^= 1 one has 

Mi) + 1 e G(z«) (5) 

for infinitely many I € S (i.e., 7 has infinite support). Then 

1. the induced reduction map 

$ := : J]G(Z/£) 

is injective; 

2. i/«ere exists an £q — £q(G) such that for all primes £ > £q the £-Sylow 
subgroup of G is abelian; 

3. there exist a normal closed abelian subgroup H C G and ann = n(G) such 
that G/H has exponent bounded by n, i.e., the order of every element in 
G/H is bounded by n. 

Proof. Put 

Kt := Kcr(G(Z £ ) -> G(Z/£)). 
We have an exact sequence 

1 -+ n k * -> n g (^) -> n g ( z / £ ) -> 1 

ees ees ees 

Our assumption implies that ip is injective, and we get an injection of the kernel 
of the reduction Ker(i/>) FLeeS-^* ^ we nac ^ a nontrivial 7 G Ker(i/>), its 
image ^(7) would generate a nontrivial closed procyclic subgroup isomorphic to 
nVeS' c Tlees^*' f° r some infinite set S' C S. Thus, there would exist a 
nontrivial element 7^ G Ker(i/j) such that ipe^e) — 1 for all ^ ^ contradicting 
our assumption. This proves the first claim. 

The second claim follows by combining the injectivity of 
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n ^ : g -> n g ( z /^') 



with Theorem 14.41 

From now on, we assume that I > £o so that the ^-Sylow subgroup of G is 
abelian. 

Lemma 4.6. There exists a constant k = k(G) such that for all £ > £o, there exists 
a normal abelian subgroup C ipi(G) of index 

IMG) : Z t ] < k. 

Proof. If the image ipi(G) C G(Z/£) does not contain elements of order £ we can 
directly apply Theorem I4.4I to conclude that ?/^(G) contains a normal abelian 
subgroup of index k(G) = n(G). 

We may now assume that the image does contain elements of order I. We 
claim that there do not exist 7,7' € G such that 

• ^(7), ^(7) have £-power order and 

• ^(7), ^(7) do not commute in G(Z/^). 

Otherwise, both 1/^(7) and V^(V) are contained in some ^-Sylow subgroups of 
G(Z^), which are both abelian, by the assumption £ > £q. By Lemma [4.14 the 
subgroup of G(Z^) generated by these ^-Sylow subgroups is abelian, contradicting 
the second assumption. 

If follows that all elements of £-power order in ipi(G) commute, so that the 
group generated by them is in fact the £-Sylow subgroup of V^(G). It is abelian 
and normal. Consider the exact sequence 

1 -» St -» MG) -» U* -> 1 (6) 

where \Ji := ipi(G)/Si. Since l \ |U^| the sequence (jGj) admits a section and there 
is an embedding 

U t MG) C G(Z/£). 

We apply Theorem 14.41 to conclude that Ue has an abelian normal subgroup 
c Uf with |U^/Ag| < n(G). We have the diagram 

1 S e MG) — - U, 1 

1 *~ S e >■ H £ A< >- 1 

where Hi is the full preimage of hi in ^(G). It is a normal subgroup of V^(G) 
with 

|^(G)/H,| = |lVA*|<n(G). 
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Let 7-t C Wi be the centralizer of S^, it is a normal abelian subgroup of H^. 
Lemma T4.6I follows if we show that the index [H^ : Zg] is bounded independently 
of I. 

There is a section 

a : A< -> MG) C G(Z/£). 

In particular, the finite abelian group hi has at most n := rank(G) generators. 
Consider the conjugation action of on S^. For a 6 let C(a) be the cyclic 
subgroup generated by the image of a in the group of outer automorphisms of . 
It suffices to show that for each of the < n generators of A^ the order |C(a)| is 
bounded independently of i and a. 

Let C p (a) C C(a) be the p-Sylow cyclic subgroup, with p rn+1 = |C p (a)|. We 
have an extension of abelian groups 

1 -> St -> fit -> Cp(a) -» 1. (7) 

We claim that the length of the orbits of c € G p (a) on is universally bounded, 
provided that q := p rn and i are sufficiently large. More precisely, we have: 

Lemma 4.7. There exists a constant n' = n'(G) such that for all a € Ae, all s e Se 
and all generators c of C p (a) the commutator 

[s,c"] = l, 

provided £,q:= p m > n! . 

Proof. We will argue by contradiction. We have 

i 

G = \knG u where G* := JJ^(G), 

i j=i 

{£i,£-2, . . .} is the set of primes, with t\ = £, and the maps 7Tj : Gj+i — * G ra are 
the natural projections. Assume that 

[s,c']=sVl in §/. (8) 

We apply Corollary 14.31 inductively to conclude that each of the groups d 
has an (i?,p mi )-extension 

{si e Sf ti , rij G Nj}. 

More precisely, there is a sequence of groups C G, and elements s,, nj e G n 
with the following properties: 

• S^j is an i?-Sylow subgroup of G i; 
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• rii is in the normalizer of S^j, 

• r\i has order p mi with m ; > m, 

• [si,nf m 'j ^ 1, 

• 7Ti(S^i+i) = S^j, 7Tj + i(Sj + i) = s i; 7Tj(i i+ i) = n 4 , for all i. 
The corresponding limits 

7 5 = lirn Si, 7 C = Jim c,; G G 

have infinite support and don't commute. Thus there exists a prime number r > 
£,q (and £o(G)) such that 

[Vv(7s),<M7c)]^l- 

Let i be sufficiently large so that the prime r is among the primes £\ , . . . , ti . There 
is a natural projection 

Vv : Gi^ij r (G) c G(Z/r). 

The ^-Sylow subgroup Stj surjects onto the £-Sylow subgroup of 4> r (G), which is 
abelian by Theorem 14.41 Let 

N r c Vv(G) c G(Z/r) 

be the nonabelian group generated by Vv(7s) and Vv(7n), i.e., by Vv(si) and Vv(rij). 
It fits into an exact sequence 

1 -> S^ r -> N r — > A r -> 1, 

where S^ r is an abelian group of ^-power order, A r a cyclic abelian group of order 
divisible by p m+1 , p ^ i. 

Since r \ |N,-| we can apply Theorem 14.41 Any subgroup of G(Z/r) of order 
coprime to r has a normal abelian subgroup of index bounded by some constant 
n(G). However, any abelian normal subgroup of N r has index > min(l!, q). We 
obtain a contradiction, when i and q are > n(G). □ 

This finishes the proof of Lemma l4~6l □ 

We complete the proof of Proposition 14.51 Indeed, put 

H := JJ $ t (G) n Z i ) cJ[G(Z/£). 

ees les 

This is an closed abelian normal subgroup of ip(G) = rifes'W^)- Since ip is 
an injection, the preimage H := ^~ 1 (H) is a closed abelian normal subgroup of 
G. By Lemma [4.6^ [tpi(G) : Zi] < n, for all £, the quotient G/H has exponent 
bounded by k. □ 
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5. Curves and their Jacobians 

Let C be a smooth projective curve of genus g > 2 over a field k and J" the 
Jacobian of degree n zero-cycles, or alternatively, degree n line bundles on C, 
with the convention J = J°. We have the diagram 

C n > C(«) 

r. 

For any field ko we denote by C^ n \ko) the set of fco-points of the variety C^ n \ i.e., 
the set of effective cycles ci+. . -+c n defined over ko- We write C(fc ) (n) C C^ n \k Q ) 
for the subset of cycles c\ + . . . + c n where each Cj is defined over ko. Put 

W r n {C) := {[L] G J" | dimH°(C,i) > r + 1}, W n (C) := W°(C). 

The map ip n is surjective for n > g. For n = g there is a divisor D C J such 
that for all x € J(k)\D(k), the fiber consists of one point. For n > 2g— 1, 

the map ip n is a P" _g -bundle. 

We may fix a point Co € C(fco) and the embedding 

J 

c i-> [c - co] . 
This allows us to identify J™ and J. 

Lemma 5.1. Consider the exact sequence 

1 -» Z? -» Q" -» -» 1. 

Let M e End(Z^) be an endomorphism which is contained in GL„(Q^). Consider 
the induced action 

M : (Qe/Zz) n - (Qt/Z t ) n , 

and let Ker(M) be the kernel of this map. Then there is a canonical isomorphism 

Z r ;/M(Z^) ~ kcr(M). 

Proof. Consider the module M _1 (Z™)/Z" as a submodule of (Qe/Ze) n . It is equal 
to Ker(M). On the other hand, M induces an isomorphism 

M _1 (ZP)/Z^ ~ ZP/M(ZP). 

□ 
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The following lemma will be used in Section \7\ 

Lemma 5.2. Fix a prime number £ ^ p and assume that J(fco) 3 J[£). Let fci/fco 
be a degree ^-extension. Then 

• jJ(k ) c J(fci), 

• J{£} n J(fci) = \J{ko) n J{£}. 

Proof. Let Fr be the fc -Frobenius automorphism of k. Its action on the Galois- 
module Vi = Vi(J) is semi-simple, and decomposes Vg = ®iKi, where Ki/Qi are 
finite extensions. Note that the eigenvalues of the Frobenius on Vi are not roots 
of 1 and hence Fr™ — 1 is always an invertible endomorphism of Vg. The Tate- 
module Ti := Ti{J) contains a submodule T[ of finite index which is preserved 
by the Galois-action and decomposes as T[ — ©jOj, where Oi C Ki are the rings 
of integers. The maximal ideal of 0^ will be denoted by ttl,. 

The Frobenius acts on via multiplication with a unit S o*. By as- 
sumption, it acts trivially on J[£]. Since every Oi is isomorphic to a primitive 
Fr-submodule of Tg we have a* = 1 mod £, for all i, where {£) C Oj is a power of 
the maximal ideal m^. We can write 

en = 1 + £ mi m hi for m l; /i 4 eN, 

where voi is a generator of ttij, and the ideal {vo hi ) D (£). It follows that 

of = 1 + £ mi+1 tu hi mod e ni+1 w hi+1 . (9) 

Consider the filtration 

(Fr £ - Id)T; C (Fr - Id) C T[ 

and a similar filtration 

(Ft 1 - ld)T £ C (Fr - Id) C T e . 

Observe that 

|(Fr - Id)T,/(Fr £ - ld)T e \ = |(Fr - Id)T £ 7(Fr £ - M)7fl = £*, 

where the first equality follows from the fact that T' t C Tg is a submodule of finite 
index, and the second assertion follows from Equation [9l From the exact sequence 

1 -> T e -> -> J{£} -> 1 

we observe that (Fr— 1)2]?/ (Fr e — l)Tg is canonically isomorphic to J{£} Fl ' / J{£} Fr , 
by Lemma UTTl Note that J{£} Fl contains jJ{£} Fl . Indeed, by our assumption 
J[£] C J{£} Fr . If x e J{£} Fr then ffr(f ) = x and hence Fr(|) = § + x , where 
£a;o = 0, so that xq € J[£]. Iterating, we obtain that 

Fr^(|) = |+^ = |, and | G J{^\ 
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It follows that J{£} Frl / J{£} Fr contains a subgroup isomorphic to {1,/l) 2g . This 
implies the second claim of the lemma. The first follows via the same argument 
applied to arbitrary x G J(ko). □ 

Lemma 5.3. For n > 2g— 1, a field fco such that #/c is sufficiently large, any finite 
extension fci/fco and any point x 6 J(fci) there exist points y,z € P™ _g (fci) = 
tp~ (x) such that the fiber cr~ (y) is irreducible as a cycle over k\ and a^ l 1 {z) is 
completely reducible over k\. 

Proof. Follows from the equidistribution theorem [Kat02| . Theorem 9.4.4. □ 
Corollary 5.4. We have 

J(k) =U $eEndfc(J) $(C7(fc)), 

and in fact 

J{k) =U„ eN n-C(fc). (10) 

Moreover, there exists a finite extension k' /ko such that C(k\) generates J(k\), 
for all finite extensions ki/k' . 



Proof. The existence of a y as in Lemma 15.31 implies the first statement (see 
|BT05b| . Corollary 2.4, and |BT05aj . Theorem 1). The second follows from the 
existence of z. □ 

It will be useful to be able to bound indices of subgroups in J(fci) generated 
by fewer points from C(fci). Assume that fci/fco is a finite extension with #/ci = q 
and such that C(fci) generates J(fci). Write 

#J(fci) = 9 g (l + A g ) and #C{ki) = 9(1 + S q ) 

We know that A q , 5 q — O(^), the implied constant depending only on the genus 
g(C). We may assume that q is such that 

|A,|, < i/2. (ii) 

Lemma 5.5. Let D C C{k\) be a subset of points such that 

D/#C(h) < e q . 

Let H C J(ki) be the subgroup generated by points in C(fci) \ D. Then 

(2g-l)!g2 2 s- 1 



/:= \J(k!)/H\ < 



(1 - ^ 



i 
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Proof. We have 



Observe that 



<Z g (l + A 9 ) 



On the other hand, C (2g -^ -> J 1 is a split projective bundle of relative dimension 
g — 1. This implies that 

I 2 g -i fl s )2e -i (1 _ ?s -i < g g (l + A g ) £-1 

(2g-l)! 9 1 + ° q) [ q) S I q-l' 

Using the bound l|lip . we obtain 

(2g-l)!g 



I < 



((l + S q )(l-e g )) 



2g-l ' 



□ 



Recall that the Galois group T := Gal(fc/fco) is isomorphic to Z = 
and is topologically generated by the Frobenius automorphism Fr. For a finite 
set of primes S let k$ C k be the fixed field of T$ ■= Yltets^tl tne Galois group 
of the (infinite) extension ks/ko is ]J eeS Zi. Note that J{S} C J(fcg) and that 
C(ks) C J(fcs) is infinite. We have a natural projection map 

A s : C(k) -» J(fc) -» J{5}, 

(depending on the choice of Co). 

Theorem 5.6. Let S be a finite set of primes. Then 



the set C(k) n J{S} is finite; 

the map Xs '■ C(k$) — > J{S} is surjective with infinite fibers. 



Proof. The first statement is due to Boxall [Box92]. The second was proved in 
|BT05aj . □ 

Remark 5.7. Boxall's theorem can be proved using the following statement. Let 
r ~ Z( C GL n (Zf) be an analytic semi-simple subgroup such that for all F G T 
one has F — 1 e GL n (Q^). Consider the induced action of F on the torsion group 
(Qe/Zi) n . Then for all m £ N there is an r £ N such that for all a; with ord(a;) > I"" 
the orbit of a; contains a translation of a; by a cyclic subgroup of order > i n . 



Remark 5.8. Theorem 15.61 admits a generalization: Let X C A be a proper sub- 
variety of an abelian variety. If S is a finite set of primes and if the intersection 
Y := X(k) n Y\ l(£S A{£} is infinite then 
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Y c (D ielXl + A t {k)) c X(k) c A(k), 



where I is a finite set, Ai C A are abelian subvarieties and Xi £ A(k) [Box92]. 

Note that for finite fields fco with sufficiently large, the image of C(fco)^ 
does not coincide with J(fco). Indeed, the number of F g -points in C(¥ q )^ is 
approximately equal to 




On the other hand, among infinite extensions of k'/ko we can easily find some 
with C(fc') (s) = J(k'). 

Proposition 5.9. Let kg be a finite field with algebraic closure k, S the set of 

primes < g and Ts = Wi^s^ 1 c Gal(fc/fco). Put k' := k Fs . Then 

C(fc') (g) = J(k'). 



Proof. There exists a subvariety Y C J of codimension > 2 such that for all 
x 6 J(fc) \ Y(k) there is a unique representation x = J2i=i°ii with a € C(k), 
modulo permutations. 

Assume that x £ J{k') \ Y(k') and that its representation as a cycle contains 
at least one Ci £ C(k'). For any 7 e we have x = l{ c i)- If 75^ 1, then the 
size of any nontrivial orbit of 7 is strictly greater than g. Thus there is more than 
one representation of a; as a sum of points in C(k), modulo permutations within 
the cycle. Contradiction. 

Assume that x C Y(k'). Consider the fibration — > J. The fiber over x is 
the projective space P r , defined over k' , parametrizing all representations of a; as a 
sum of degree g zero-cycles. There exists (ci , . . . , c g ) g (k') with Yli=i Ci — x. 
We are done if Cj € C(fc'), for all z. Otherwise, we can apply the argument above, 
observing that preserves this cycle. □ 

Lemma 5.10. Let J 7 (/c) C J(k) be the subgroup of elements fixed by 7 £ Gc- If 
C is not hyperelliptic then 



j-y : C(k) \ C 7 (fc) -» J(fc)/J 7 (fc) 
is an embedding of sets. If C is hyperelliptic let 



C[4] :={ce C(fc) I c S J[4] and 7(c) = -c }. 

Then 

i 7 : C(fc) \ (C 7 (fc) U C[4]) - J(k)/J 7 (k) 
is an embedding of sets. 
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Proof. Assume there exist two points c, d £ C(k) with 7(c) 7^ c and 7(0') 7^ c' and 
such that j 7 (c) = j 7 (c'). Then 7(c) —7(0') = c — c' and hence 7(c) + d = c + 7(c'). 
The cycles 7(c) + d,c + j(d) consist of different points since d 7^ c,d 7^ 7(0'), by 
assumption. Thus 7(c) + d defines a hyperelliptic pencil and we have proved the 
lemma for nonhyperelliptic curves. 

In the hyperelliptic case assume that the pencil consists of elements c, — c 
(since the pencil is clearly 7-invariant and belongs to J 7 ). Thus d = — c and 7 
acts as —1 on c. Note that j 7 (c) = — j 7 (c) implies that j 7 (2c) = and 2c £ J 7 (fe). 
Then 2c = —2c implies that 4c = 0. Thus in this case a possible exceptional 
subset consists of points c 7^ d = — c of order 4 such that 7(c) = — c. □ 

Theorem 5.11. The group of automorphisms Gc satisfies conditions of Proposi- 
tion ^. 5\ 

Proof By Lemma [321 there is an injective continuous homomorphism 

e 

Moreover, for all nontrivial 7 £ Gc the image ipi(j) 7^ 1, for infinitely many I. 
Otherwise, let S be the finite set of primes such that 1/^(7) is trivial for t £ S. 
Then 

• J{S} — > J(fc)/J 7 (fc) is a surjection; 

• C(k) — > J(fc)/J 7 (fc) is finite outside S J(fc)/J 7 (fc), by Lemma fe-lO} 

• C(fc) — » JjS 1 } is a surjection with infinite fibers over every point, by The- 
orem [5J3 

Contradiction. □ 

Corollary 5.12. For all 7,7 £ Gc there exists an n £ N swc/i ifta£ 7™ and 7™ 
commtrfe. 

Proof. If suffices to combine Theorem 15.111 and Proposition 14.51 □ 

Theorem 5.13. Let <fi ■ (C, J) — ► (C, J) foe an isomorphism of pairs. Then there 
exists an n £ N smc/i i/iai Fr^ and </> (Fr£j) commute in Endfe(J). 

Proof. Immediate from Theorem 15.111 and Corollary 15.121 □ 

Lemma 5.14. Assume that Fr and Fr generate the same £-adic subgroup in 
GL n (Z^). Then there exist n,n £ N such that 

Fr n = Fr". 

Proof. The assumption implies that there exist an a £ Z* e and an h £ N such that 

Fr Q = Fr™. 

The same equality holds for the determinants. However, the determinants are 
positive integer powers of p. □ 
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6. Detecting isogenics 

In this section, we recall some facts from divisibility theory for linear recurrences, 
as developed in [CZ02] , and apply these to derive a sufficient condition for isogeny 
of abelian varieties. 

A function F : N — > C is called a linear recurrence if there exist an r G N, 
and en G C, such that for all n S N one has 

r-1 

F(n + r) = ^2 aiF{n + i). 
i=0 

There is a unique expression 

m 

where /, G C[x] are nonzero and 7; G C*. The complex numbers 7, G C* are called 
the roots of the recurrence. Let F be a torsion-free finitely-generated subgroup of 
the multiplicative group C*. Then the ring of linear recurrences with roots in T is 
isomorphic to the unique factorization domain C[x,T] (see |CZ02| Lemma 2.1]); 
the element in C[x,T] corresponding to a linear recurrence F will be denoted by 
the same letter. 

We say that {-F(n)} n6 N is a simple linear recurrence, if deg(/i) = 0, for all i, 
i.e., /, are constants. 

Proposition 6.1. Let {F(n)} n6 N ; {-F(n)}n6N be simple linear recurrences such that 
F(n), F(n) 7^ for all n, h G N. Assume that 

1. The set of roots of F and F generates a torsion-free subgroup of C* . 

2. There is a finitely-generated subring C C with F{n)/F(n) G ?t, for 
infinitely many n G N. 

Then 

G : N — > C 

ni-» F(n)/F(n) 

is a simple linear recurrence. 

Proof. The fact that G is a linear recurrence is proved in [CZ02j p. 434]. Enlarging 
T, if necessary, we obtain an identity 

G ■ F = F, 

in the ring C[x,r]. Since F,F are simple, i.e., in C\T], G is also simple. □ 
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Lemma 6.2. Let T be a finitely-generated torsion-free abelian group of rank r 
with a fixed basis {71, ...,%■}. Let CfT] be the corresponding algebra of Laurent 
polynomials, i.e., finite linear combinations of monomials x 1 — Y[j=i x j 3 > where 
7 = J2i=i 9ili ^ r. Let 7 be a primitive element in T, i.e., gcd(t/i, . . . , g r ) = 1. 
Then, for each A £ C*, the polynomial x 1 — A is irreducible in C[r], i.e., defines 
an irreducible hypersurface in the torus (C*) r . 

Let 7, 7' € r be arbitrary elements. The polynomials x 1 — 1 and x 1 — 1 
are not coprime in CfT], i.e., the corresponding divisors in (C*) r have common 
irreducible components, if and only if 7,7' generate a cyclic subgroup of T. 

Proof. The map defined by the monomial x 1 : (C*) r — > C* has irreducible fibers, 
if and only if 7 is primitive. For other 7, put m := gcd(<?i, . . . , g r ) > 1 and 7 = 7717. 
Then x 7 — 1 = ]X=i — Cm)j where Cm is a primitive m-th root of 1. By the 
the first observation, the polynomials x 7 — are irreducible. To prove the last 
statement, note that coprimality of x 7 — 1 and x 7 — 1 is equivalent to coprimality 
of x 7 — 1 and x 7 — 1, for the corresponding primitivizations 7,7' of 7,7'. This 
coprimality is equivalent to 7 7^ ±7'. □ 

Let A be an abelian variety of dimension g defined over a finite field k\ of 
characteristic p, and let {ctj}j=i,...,2g be the set of eigenvalues of the corresponding 
Frobenius endomorphism Fr on the ^-adic cohomology, for £ 7^ p. Let k„/ki be 
the unique extension of degree n. The sequence 

2g 

F(n) := #A(fc„) = J^K - !)• (12) 

j'=i 

is a simple linear recurrence. Let T be the multiplicative subgroup of C* generated 
by { a i}j=i,...,2g' Choosing fci sufficiently large, we may assume that T is torsion- 
free. Choose a basis 71, . . . ,7 r of T, and write 

r 

= II", 

i=l 

with a«j € Z. Recall that all ctj are Weil numbers, i.e., all Galois-conjugates of a,j 
have absolute value ^/q, where q = #fci- It follows that, for j ^ j' , either aj = aj> 
or aj , aj' generate a subgroup of rank two in T (since T does not contain torsion 
elements) . We get a subdivision of the sequence of eigenvalues 

{(Xj}j=l,...,2g = U t a=1 I a , t<2g, 

into subsets of equal elements. Put d s = #I 8 and let a s G I s . 

Theorem 6.3. Let A and A be abelian varieties of dimension g over finite fields 
ki, resp. k\. Let F, resp. F, be a simple linear recurrence as in equation (fT2|) . 
Assume that F(n) | F(n) for infinitely many nefj, Then A and A are isogenous. 
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Proof. Let T e C* be the (multiplicative) subgroup generated by {aj} U {ctj}. 
Enlarging k±, resp. k\, we may assume that T is torsion-free. Proposition 16.1 
implies that F/F is a simple linear recurrence. 

The Laurent polynomial corresponding to F, resp. F, has the form 



t 



IM^r*- 1 )" 3 ' res p- 1111' |! 



s— 1 i— 1 s— 1 i— 1 

Observe, that 



d(ilx^-i,ilx^-i)€cr, 



i=l 



for s 7^ s . The same holds for F. Using Lemma IPl we conclude that t = i, 
that we can order the indices so that #/, = #I a , and so that the multiplicative 
groups generated by a s £ I s and a s € I s have rank 1, for each s = 1, . . . , t. Thus 
a s = a", where u € Q depends only on k\ and k%. It follows that some integer 
powers of Fr, Fr have the same sets of eigenvalues, with equal multiplicities. It 
suffices to apply Theorem [FT] to conclude that A is isogenous to A. □ 



7. Reconstruction 

We return to the setup in Section[TJ C, C are irreducible smooth projective curves 
over k of genus > 2, with Jacobians J, resp. J. We have a diagram 



J(k) 



J(k) 



J\k) 



J\k) 



ji 



C(k) 



C(k) 



where 



• (f>° is an isomorphism of abstract abelian groups; 

• (f) 1 is an isomorphism of homogeneous spaces, compatible with 

• the restriction 4> s : C(k) — > C(k) of (j) 1 is a bijection of sets. 

It will be convenient to choose a point cq G C(fco) and fix the embeddings 



C(k)^ J{k) 
c i— > c — Co 



C(fc) -> J(k) 
c ^ c - 4> s (c ). 



With this choice, the isomorphism of abelian groups 4> induces a bijection on the 
sets C{k) and C{k). In this situation we will say that 

: (C, J) -> (C, J) 



is an isomorphism of pairs. 
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Lemma 7.1. For any choice of ni, . . . ,n r GN and ci, . . . , c r £ C(k) one has 
dimH°(C, 0(%2 n lCl )) = dimH°(C, 0(£ n^c*)). 

i i 

Proof. The effectivity of a divisor on C is intrinsically determined by the group 
J(k): the images of the maps — > J, resp. — > J, are the same (under 
</>°). We can distinguish D 6 J(fc) with dimH°(C, D) > 1, and therefore all sets 
of linearly equivalent divisors. By induction, we can detect that dimH°(C, D) > 
n, with n > 1: there are infinitely many points c G C(fe) C J(fc) such that 
dimH°(C,L>-c) > ra- 1. □ 

Corollary 7.2. // C is hyperelliptic, trigonal or special (i.e., violate the Brill- 
Noether inequality) than so is C. 

Corollary 7.3. Let A C J, for d < g, be a proper abelian subvariety. 

Then there is a proper abelian subvariety A C J such that <$P induces an 

isomorphism between A and A. 

Proof. Any such abelian subvariety of maximal dimension is characterized by the 
property that it contains an arbitrarily large abelian subgroup of rank equal to 
twice its dimension. In particular, (j>° induces an isomorphism on such subvarieties. 

□ 

Lemma 7.4. Assume that g(C) > 2 and that C is bielliptic. Then C is also 
bielliptic and the map (j>° commutes with every bielliptic involution on C and C, 
respectively. 

Recall that a bielliptic structure is a map js ■ C — * E of degree 2, where 
E is an elliptic curve. By Theorem 110.3) all bielliptic structures correspond to 
embedded elliptic curves E C C J. Since we assume g(C) > 2, there is a 
finite number of such embeddings and they are preserved under <f>°. Thus if C 
is bielliptic then so is C, and the groups generated by bielliptic reflections are 
isomorphic. 

Corollary 7.5. // C is the Klein curve then C is also a Klein curve. Indeed, this 
is a unique curve of genus 3 which has the action of PGI^Fy). The action is 
generated by bielliptic involutions and hence C is isomorphic to C . 

Remark 7.6. Note that the isomorphism (jP itself does not have to be algebraic, 
a profinite power of the Frobenius will have the same properties. 

Assume that char(fc ) ^ 2, and that #&o is sufficiently large, i.e., for all finite 
extensions fci/fco the points C(k{) generate J(fci), and same for C. 

Lemma 7.7. Assume that C and C are not hyperelliptic. Fix finite fields kg, kg 
such that #fco,#fco are sufficiently large and J(fco) C J(fco)- Consider the tower 
of field extensions: ko C ki C . . ., where fa/fa-i is the unique extension of degree 
2, and similarly for fco- Then, for all n € N, 

0°(J(fc„)) C J{k n ). 
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Proof. We have an intrinsic inductive characterization of C(k n ) and J(k n ), resp. 
C{k n ) and J(fc„). Namely, c € C(k n ) \ C(k n -i), iff there exists a point c' € C(fc) 
such that c + c' 6 J(fc n _i). Indeed, if c € C(k n ) then c' is the conjugate for the 
Galois automorphism er of k n /k n -i. Conversely, if c + d is a pair as above and 
er(c) 7^ c', then o(c + c') = c + c' G J(fc), which defines a nontrivial hyperelliptic 
pencil on C, contradicting our assumption. By assumption on fc , points C(fc n ) 
generate J(fc n ), as an abelian group. By induction, it follows that cf) (J(k n )) C 

J{kn). □ 

By Corollarv l7.2[ the hyperelliptic property of C implies the same for C . The 
hyperelliptic case requires a more delicate analysis of point configurations. 

Let C be a hyperelliptic curve over a finite field ¥ q . The Jacobian J 2 of zero 
cycles of degree 2 contains a unique effective zero-cycle zq S J 2 (¥ q ) corresponding 
to the hyperelliptic pencil on C. We use this cycle to identify J 2 (k) ~ J(fc) = 
J°(fc). Let ko/¥ q be a finite extension, fci/fco a quadratic extension and cr the 
nontrivial element of the Galois group Gal(fci/fc ). Put 

C(fci)- := {c e C(fci) | <r(c) + c = z G J 2 (fc )}- 

Lemma 7.8. Let C be a hyperelliptic curve defined over ¥ q . Then there exists an 
N G N such that for all finite extensions fc /F,j with q N \ #fco, the zero-cycles of 
even degree with support in C{k\) \C(ki)~ generate J(fci) ~ J 2 (k\). 

Proof. Let H C J(fci) be the subgroup generated by zero-cycles of even degree 
with support in C(ki) \ C(fci) - . Put q := #&o- Note that 

\#C(k 1 )--q\<2g^q. 

Indeed, let I : C -> P 1 be the hyperelliptic projection. Then t(C(fci) _ ) C P^fco), 
and the image corresponds to those points on b G P 1 (fco) such that the degree 2 
cycle does not split over fco- The claim follows from standard Weil estimates. 

Lemma [531 implies a universal (fci independent) bound for the index / :— [J(k\) : 
H], e.g., I < m. 

Now we apply the argument of Lemma l5T2l Let fco be such that J(fco) contains 
all J(fc)[4 for i < m. Then H = J{kx). Indeed, for I ^ 2 and J{k)[£] C J(fc ) the 
order of J(k 1 )/J(k ) is coprime to I: if an automorphism of order 2 acts trivially 
on J{k)[l] then it also acts trivially on all elements of ^-power order in J(fci). 
Next, note that the elements of the form \x,x G J(fco) generate the 2-primary 
part of J(fci) but that o{\x) — x + zq,z G J 2 (k ) and hence \x is never in 
J(fci)~ (the subgroup generated by C(fci)~). This completes the argument for 
t = 'l. ' □ 

Lemma 7.9. Assume that C and C are hyperelliptic. There exist finite fields fco, fco 
and towers of quadratic field extensions: fco C fci C . . ., resp. for fco, such that for 
all n G N 

0°(J(fc„)) C J(fc„). 
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Proof. By Lemma [7.8} the points in C(ki) \ C(ki)~ generate J(fej). This subset 
of points is defined intrinsically in C(k), provided J(fci_i) is already known. By 
induction, as in the proof of Lemma PTTTl we obtain the required tower of degree 
2 extensions, with an embedding 

4P : J(h) -> J(jfci). 

□ 

Theorem 7.10. Let 4> '■ (C, J) — ► (C, J) fee an isomorphism of pairs. Then J and 
J are isogenous. 

Proof. In both hyperelliptic and nonhyperelliptic case we have shown that, for suf- 
ficiently large finite ground fields &o, &o, there exist towers {k n } ne jq and {fe n }neN 
of degree 2 field extensions with the following property: 

0°(J(fc n )) C J(kn) 

(see Lemma 17771 and Lemma 1775)1 . Now we apply Theorem 16.31 to the Frobenius 
automorphisms Fr, Fr. □ 



8. Generalized Jacobians 

Let A: be a field and K/k a field extension. Then the set 

P(K) :=K*/k* = (K\0)/k* 

carries the structure of an abelian group and a projective space. Moreover, the 
projective structure (the set of projective lines, their intersections etc.) is com- 
patible with the group operation. We have: 

Theorem 8.1. Let K and K be function fields over k. Assume that we have an 
isomorphism of abelian groups 

(j) gr : K* Ik* -» K*/k* 

inducing an isomorphism of projective structures 

cb pr : F(K) -> F(K). 

Then there exists an isomorphism of fields 

4> f : K -> K. 

Proof. See [BT04], Section 4, for precise definitions and a proof. □ 
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We will apply this Theorem to K = k(C) and K = k(C). 



We write J — J and J 1 — J 1 , resp. J and J 1 , for the Jacobian of degree 
and degree 1 zero-cycles on C, resp. C. Let Z°(k) = Z°(C(k)), resp. Z°(k), be 
the group of degree zero-cycles on C, resp. C. We have a diagram 



1 



1 



K*/k* 



k/k* 



Z°(k) 



Z°(k) 



J(k) 



J°{k) 



l 



l 



where (j>o is an isomorphism of abelian groups induced by 4> and <p s . This implies 
the following 

Lemma 8.2. Under the assumptions of Conjecture II. 3[ we have an isomorphism 
of abelian groups 



•->gv 



K*/k* -> K*/k*. 



We have a natural embedding C c — > J 1 from (Q}, mapping a point in C(k) to 
its cycle-class. Choosing a point c G C(k) we also have an embedding 



C(k) 
c 



J(k) 
[c - c ] 



(13) 



Write m = X^=i n i-R> n i ^ Z \ 0, G C(^) f° r a zero-cycle on C and 
|m| := Pi U . . . U P r for its support. Let Z^(k) = Z m (C(fc)) be the group of degree 
zero-cycles with support disjoint from the support of m. 

For every effective A:-rational zero-cycle m let J m (k), resp. J m , be the general- 
ized Jacobian of degree 0, resp. degree 1, zero-cycles on C over k, modulo the ideal 
generated by m. The generalized Jacobian J m is an algebraic group, fibered over 
the Jacobian J with fibers connected abelian linear algebraic groups of dimension 
#m-l. 

We have a compatible family of embeddings 



Mm : C(k)\H^Ji(k) 
as well as surjective homomorphisms of abelian groups 

^ m : Z°(fc) -> J m (k). 



(14) 



(15) 



The natural embedding C J 1 , assigning to a point c G C(k) its cycle class 
[c] G J(k) extends uniquely to a compatible family of maps 



fin 



<7\|m|- J l m . 
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Proposition 8.3. Assume that for all m = P + R one has an isomorphism of 
abelian groups 



(ft : Jm(fc) -> Jm(fc) 

and a diagram ( of compatible maps ) 



C(k)\\m\ 



C(fc) 



(5(fc)\H 



bisections of sets 



with ^jipm isomorphisms of homogeneous spaces under J m (k) ~ J m {k) inducing 



C(k) \ m = C*(fc) \ m 

T/ien fc(C) = k(C7). 

Proof. It suffices to prove that the isomorphism of groups 

(j)g r : K*/k* -> 

established in Lemma I&21 preserves the respective projective structures. A pro- 
jective line in F(K) is the projectivization of a two-dimensional fc-vector space 
generated by two functions /, g S K* . By the compatibility with multiplication 
in K* /k* , we can assume that g = l. 

Every pair of rationally equivalent effective zero-cycles z , Zoo on C(k) defines 
a unique "point" in K* /k* = P(K) - the divisor of a function / with zeroes z 
and poles z^. To get a projective line P 1 C P(K) consider the map 717 : C — » P 1 
defined by / and the induced family of cycles z> := 7rJ (A), for A G P 1 . The 
family of "points" in P(K), given by cycles z\ — z^, is a projective line in V(K) 
through 1 and /. 

Conversely, assume that for every such pair Zo, -Zco of equivalent effective 
cycles on C we have an intrinsic definition of the set z\. Then we recover the 
projective structure on P(K). 

We define an equivalence relation on C(k): 

P ~ Q <=> (z - Zoo) € Ker(/x m ), 

where m = P + Q. Observe that P ~ Q iff P, Q are both contained in the fiber 
of 7T/. The set {z\} is intrinsically defined as the set of equivalence classes with 
respect to □ 

The group Z°(k) is the set of fc-points of a countable union of algebraic 
varieties 
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Z°(k)=U neN (C^ xC^r(k), 

each parametrizing pairs of effective zero-cycles of degree n of disjoint support. 
This induces a grading on the subset K* /k* C Z°(k). 

Lemma 8.4. The multiplicative group K* jk* is generated by components of degree 
<g+l- 

Proof. Let z, z' be effective cycles on C, of disjoint support, of degree n > g + 1. 
The space of cycles equivalent to z — z' has (projective) dimension > 2. Then 
there exists an effective cycle z", equivalent to z and z' , such that \z\ PI \z'\ ^ 
and \z'\ n \z"\ ^ 0. (Choose a hyperplane section in P(H (C,O(z - z'))) which 
contains points from the support of both z and z'. The intersection of C with this 
hyperplane gives z" .) Now we can write 

z-z J = (z- z") + (z' - z") 

with (z — z') and (z ~ z") having degree < n. □ 

Let Y g+1 , resp. Y g+1 , be the subvariety of C^ g+1 > x C7^ s+1 ^ corresponding 
to pairs of effective degree g + 1 cycles of disjoint support, resp. in addition 
with support disjoint from |m|. Each such pair of cycles (zo,.Zco) determines a 
principal divisor on C, thus a function /, modulo k* , and an algebraic morphism 
Y g+1 — > G m which on the level of points is given by 

Y'+Hk) -> k* 
(z , Zoo )^f(P)/f(Q). 

The algebraic variety X, resp. X m is defined as the preimage of 1 C G m . We get 
the diagram, with maps morphisms of algebraic varieties: 

1 ^~ X m >~ ^rn **" 1 

l x ys+! j " l 

and a similar diagram for C . 

Lemma 8.5. Under the assumptions of Coniecture ll.3t we have a bijection of sets: 

• <fr? : X(k) -» X(k) 

. 4>l m ■ X m (k)^X m (k). 

Proof. It suffices to give the following intrinsic description: 

Y g+1 (k) := {{z , zoo) \P,Q$ N U I zoo I and P + Qe \z x \, for some A} 
and a similarly for Y g+1 (k). □ 
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9. Anabelian geometry 

In this section we discuss an application of the above results to Grothendieck's 
Anabelian Program - the reconstruction of function fields from Galois groups. 

Let C be an irreducible smooth projective curve over k = F p of genus g > 2, 
J its Jacobian and K = k{C) its function field. Throughout, we assume that 
p > 2. Fix an algebraic closure K/K and let Q — Gk — Gal(K/K) be the 
absolute Galois group. The main idea of anabelian geometry is that G, or even 
one of its factors, determines C. Note that G is the completion of a free group 
with an infinite number of generators. In particular, for any two curves over k the 
corresponding groups are isomorphic as abstract topological groups. However, we 
will see that in some instances additional structures allow us to recover the curve 
from the Galois group. 

Let 

G a = G/[G,G] 

be the abelianization of G- Let i be a prime number, Gi the ^-completion of G, 
and Q1 the image of Gi in the abelianization. Clearly, G a = Yle^t- A ^-rational 
point c G C(k) determines a discrete rank one valuation v — v c of the function 
field K. We write T v C G for the corresponding inertia subgroup and 1°, resp. 
X"^, for its image in G a , resp. GI- The group 1° is topologically cyclic. 

We now proceed to describe the groups GI , for £ ^ p (the structure of Gp is 
more refined), closely following Sections 9 and 11 of [BT04]. Dualizing the exact 
sequence 

-> K*/k* -> Div(C) -> Pic(C) -» 
we obtain the sequence 

^ Z f ^ M(C(fc),Z f ) -> ft" -> Z £ 2g 0, (16) 

with the identifications 

• Hom(Pic(C),Z £ ) = A e (Zt) (since J(k) = Pic°(C) is torsion); 

• M(C(k),Zt) — Hom(Div(C), Ze) is the Z^-linear space of maps from 
C(k) — ► Zi (note that Div(C) can be viewed as the free abelian group 
generated by points in C(fc)); 

• if = Ex^(J(k),Zt). 

The interpretation 

Gt =Bom(K*/k*,Z e ), (17) 
arising from Kummer theory allows us to identify 

Gi C M(C(k), Q £ )/constant maps (18) 
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as the Z^-linear subspace of maps p : C(k) — > (modulo constant maps) such 
that 

\p,f] E Z e for all / € K*/k*. 

Here [•, •] is the pairing: 

M(C(k),Q e ) xK*/k*^Q e 

(m,/)~[m,/]:=£ c M?)/c, ( J 

where div(/) = £ c f c c. In this language, an element of an inertia subgroup 
^■tl c Ge corresponds to a "delta"-map (constant outside the point c = c v ). 
Each has a canonical (topological) generator <5„^ and the (diagonal) map 
A e M(C(k),Qe) from OH is given by 

c6C(fc) 

Consider the abelian Galois group G^ = Yl^pGg- Let X = {1°} De the set 
of 1-dimensional valuation subgroups C £ a corresponding to points c G C(fc). 

Conjecture 9.1. Lei C be a curve of genus g(C) > 2 over k = ¥ p , The pair 
{G( p yl) determines the function field k(C) , modulo isomorphisms. 

Remark 9.2. This fails when g(C) = 1. For any two elliptic curves over k the pairs 
{G( p y1) are isomorphic. There are two types: supersingular curves with J{p} = 
(which are all isogenous) and ordinary curves. 

We have the following partial result: 

Theorem 9.3. Let C, C be curves of genus > 2 over k = ¥ p , with p > 2. Assume 
that there is an isomorphism of pairs 

Assume in addition that either 

• J{p} — or 

• g(C) > 4. 

Then there is an isogeny J — > J and 

End fc (J) <g> Z e = End fc (J) <g> Z*, 

/or a// i P- 

The condition g(C) > 4 arises as follows: in the nonsupersingular case when 
J{p} 7^ 0, our argument will be based on a detailed understanding of the map 
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j : C7< 2 > x C7< 2 > -» J 

((a, a/), (», y')) h-> (a + a/) - (y + y'). 



In particular, it will be essential to describe all abelian varieties in the image of j. 
The corresponding classification is carried out in Section[lOl under the assumption 
that g(C) > 4. 

Proof of Theorem \9.3[ We will reduce to a version of Theorem ll.2| following 
closely the description of Galois groups in BTO 1 . Section 11. 

Dualizing ([j"7|. we recover the pro-^-completion Kg of the multiplicative 
group K* /k* as Hom((%, %n ). Consider the following exact sequences 

-» K*/k* ^ Div°(C7) -£* J(k) -> 0, (20) 
-» A"*/fc* ® Z £ ^4 Div°(C) <g> Z £ ,/{£} -» 0. (21) 

Put 

T £ (C) := limTor^Z/F 1 , J{l}). 

We have TtiC) = Z 2g , where g is the genus of C. Passing to pro-£-completions in 
f20|) we obtain an exact sequence of torsion-free groups 

Q^T e (C)^K* e -^Div°((7) — ►O, (22) 

since J(k) is an ^-divisible group. We write Div°(C)^ for the ^-completion of 
Div°(C). Clearly, Div°(C) <g> Z e C Div°(C)^ and we have a diagram 

o -i-iryfe* ^Div°(C) j{^}->-o 

I II (23) 

0^T e (C)^ K* Div°(C> 0. 

Fix a valuation v>q and a generator 5^ of I" . This gives a canonical identification 
of generators <S y <E X° for all f ^ fo, and similarly all b~ V £ € X"^, for all i p. 

Let TS{C)z C = Hom(t/°,Zf) be the subgroup topologically generated 
by elements G X| such that 

• a{&vo,i) = 1, 

• «(<5;y,f) = — 1, for some 7^ ^o- 

• ct^ is trivial on all for 1/ 7^ fo. 

The group J : S{C)t is equal to Div°(C) <g> Z^ and we get a sequence 

-» 2J(C) -» ^5(C)< -» J{*} -» 0, (24) 
with cohomology isomorphic to K* /k* (g)Z e . Sequence |24|) defines a map 
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C(k) J{£}. 
Combining these, we obtain a map 

l = Y[u : C(k) -> J(k)/J{p}. 

If J{p} = 0, the map t is an embedding and we can apply Theorem ll.2l to conclude 
that the Galois isomorphism implies isogeny. 

Assume that J{p} ^ and g(C) > 4. 

Lemma 9.4. Let C be a curve of genus g(C) > 4. If j(C< 2 ) x C^)C\J{p} is infinite 
then j(C( 2 > x C^ 2 - 1 ) C J contains a nontrivial abelian variety. 

Proof. Consider the action of Z p generated by the p-component of some power of 
the Frobenius endomorphism. Under the assumptions, the Z p -orbits of points in 
j(C (2S> x C^) can be arbitrarily large. Hence j(C^ x C^) contains arbitrar- 
ily large subsets which are invariant under translations by big cyclic p-groups. 
Such subsets must be contained in translates of abelian subvarieties in J (see 
Remarks EH O and |Box92j ) . □ 

Case 1: x C^) does not contain a nontrivial abelian variety. 

By Lemma lOl j(C^ x C^)(k) n J{p} is finite. Let ko be a sufficiently large 
finite extension of the ground field such that J(fco) contains all points x,x',y,y' 
with (x + x 1 ) — {y + y') G J{p} — 0, and a finite subgroup A p C J{p} with trivial 
action of Z p (generated by the Frobenius Fr over ko). We will also assume that 
A p D J\p], Put Jo := J(fco) an d define inductively J n +i as the subset of points 
x ^ J n (B J{p} such that there is an x' with x + x' £ J n J{p}- By induction, 
we obtain a subgroup C J(k). Note that Joo contains J(k OQ ), where fcoo is the 
2-closure of kg. 

We claim that J(koc) is closed under the above operation. Assume otherwise. 
The action of Z p on J(ko) and hence on J{k oa ) is trivial. Let x + x 1 + y p 6 J{k oa ), 
with y p £ J{p} \ A p . Then Z p acts nontrivially on y p but trivially on x + x' + y p . 
Thus 7(2; + x') ^ x + x' , for some 7 € Z p , and 7(2; + a/) — (x + a;') € 
However, by assumption all such points are contained in J(k ), where the action 
of 7 S Z p is trivial, contradiction. 

In particular, if C is another curve with the same data and J(ko) contains 
J(fco) then we obtain a tower of inclusions of groups as in Lemma and we can 
apply Theorem 17.101 

Let ko be as above and assume that 7^ x + X\ G J(ko)/J{p} but that 
x, x\ £ J(fci). Then j(x)+-y(xi) = x+xi 7^ 0, which implies that C is hyperelliptic 
and that x, x\ are conjugated by a hyperelliptic involution, hence = x + xi, 
contradicting the assumption on x,X\. Thus we can proceed as before. 

Case 2: j(C^ 2 ' x C^) contains a nontrivial abelian variety. 
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Assume now that j(C^ x C^) does contain an abelian variety. In Section ITOl 
we give a classification of such subvarieties, when g(C) > 4. By Corollary 110,41 
there is a divisor D C such that any abelian variety in j(C^ 2 ' x C^) is 

contained in the image of D x H x D. Thus there exist only finitely 
many pairs x, x' G C and y,y' G C with x + x 1 ^ D and y + y 1 ^ D and such 
that (a; 4- x') — (y + y') G ^{p}- Let fco be a sufficiently large finite field so that 
J(fco) contains all such pairs x,x' and y,y' and so that x,j(x) G C(fci) with 
.t + 7(2;) ^ D generate J(fci), for any finite extension fc'/feo. Then we can apply 
the same argument as above. 

Note that such a field fco exists, since the number of elements in D(k') grows 
as the square root of the number of elements in C(fc'). Hence we can combine 
the arguments Lemma 15.21 15.51 and 17.81 to show that for sufficiently large fco our 
assumption holds. This finishes the proof of Theorem 19.31 □ 

Remark 9.5. When C has an algebraic automorphism a such that C — C/a has 
genus 1 < g(C") < g(C)/2 we recover the algebraic projection C — ► J' C J. In 
particular, we can recover every bielliptic involution. 

For example, the Klein quartic curve is the unique curve of genus 3 with 
the maximal number of bielliptic involutions. Thus the algebraic structure of 
the Klein curve is completely encoded in the pair (Q a ,2). Same holds for many 
other curves with sufficiently many maps onto curves of small genus, providing 
nontrivial examples where Conjecture 19. II holds. 

10. Appendix: Geometric background 

In this section we work over an algebraically closed field fc of characteristic 7^ 2. 

Let C be a curve of genus g(C) > 2 and J its Jacobian. We will identify 
the Jacobians of degree n zero-cycles J n with J. Recall that a d-gonal structure 
on C is a surjective morphism C — > P 1 of degree d. A hyperelliptic structure 
on C is a surjective morphism C — » P 1 of degree 2 and a bielliptic structure a 
surjective morphism C — » E of degree 2. If M /r 2 1 (C) 7^ then C is hyperelliptic 
and if W3 (C) ^ and some element from W^(C) defines a proper map then C 
is trigonal. 

Consider the map 

j : x C7< 2 ) -» J 
{(x, x'), (y, y')) ^(x + x') - (y + y 1 ). 

It contracts the diagonal A = A(C^) to a point and the divisor 

5:={((.T,*'),(2/,y'))eC^ xC^\x'=y'} 

to a surface j[C x C). Denote the union of the diagonal and the divisor 5 above 
as Dg. 

Assume that 
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x'), (y, y')) = j({z, z'), (w, w')), 

and that (x, x') 7^ (y, y') and (a;, x') 7^ (z, z') in C^. If (x, x' , w, w 1 ) 7^ (z, z', y, y') 
as elements in then the relation 

{{x + x') - (y + y')) - ((z + z') - (w + w')) = G J 

gives a nontrivial relation of degree < 4 

(x + x' + w + w') - [z + z' + y + y'). 

Thus if there is a linear series L of degree < 4 on C with H°(C, L) > 2, i.e., the 
variety W£(C) is nonempty. 

Lemma 10.1. Assume that 

• (x,x',w,w') = (z,z',y,y') in C (4) , 

. ((x,x>),(y,y>)) ^ ((z,z'),(w,w>)) in xC™, 

• (x,x') 7^ (y, y') and (z,z') 7^ in C^. 

Then there is a set {X, Y, W} which contains both sets {x, x' ', y, y'}, {z, z', to, u>'} 
so that after some identification 

((*, x'), (y, y 1 )) = ((X, Y), (Y, Z)) and ((z, z'), (w, w')) = ((X, W), (W, Z)). 

in C (2) x C (2) . Hence {x, x' , y, y'}, {z, z', W, w'} G D s = A U <5. 

Proof. Since (x, a;', w, w') = (z, z' ,y,y r ) in C^ 4 ) the four-tuple {x, 2;', w, u/} con- 
tains also all the elements from {z, z', y, y'}. Thus if we denote {x,x' ,w,w'} as 
(X,Y, Z,W) and assume that none of the pairs ((x,x'),(y,y')),((z,z'),(w,w')) 
consists of the same letters we obtain that modulo permutation of (X, Y, Z, W) 

(x,x') = (X,Y), (w,w') = (Z,W), (z,z') = (Y,Z), (y, y') = (W, X), 

and that the above identification is the only possible, modulo permutations. Thus 

{x, x' , y, y'}, {z, z', w, w'} G Ds = A U <5. □ 

The following theorem classifies 4-gonal structures on C. 

Theorem 10.2 (Mumford, cf. |ACGH85j . p. 193). Assume that Wl{C) ^ 0. Then 
one of the following holds: 

(0) dim W4 (C) = 0: then C has a finite number of A-gonal structures; 

(1) dim Wijc) = 1; 

(a) C is smooth plane curve of genus 6 and degree 5 and the corresponding 
line bundle L = H — p. p <E C , where H is a hyperplane section; 

(b) C is bielliptic and L is obtained from a bielliptic involution C — » E —* 
P 1 , where the second map arises from a reflection with respect to some 
point on E; 
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(c) C is trigonal with a unique trigonal structure and L = H + c, where 
c G C(k), and H defines a trigonal map onto P 1 ; 

(2) d\mWl(C) — 2: then C is hyperelliptic and L = 2H , where H is a 
hyperelliptic bundle, or L = H + c + c! , where c, d G C(k) and d ^ cr(c), 
for the hyperelliptic involution a; in the former case, dim H° (C, 2H ) = 3 
and any other L as above defines the same projection H . 

Mumford's theorem holds over arbitrary ground fields. We use it to describe 
explicitly abelian subvarieties of j(C^ x C^) C J, for g(C) > 4. 

Theorem 10.3. Let C be a curve of genus g(C) > 4 and J its Jacobian. Assume 
that j(C^ x C^) C J contains translations of abelian subvarieties. Then one of 
the following holds. 

1. C is hyperelliptic with a map C — * E of degree 4 and 

EdWi= j(C (2) x C (2) ). 

2. C is hyperelliptic with a map C — > E of degree 3 and Ex.Cc W±{C) C J, 
with the map corresponding to the summation of cycles. Further, E C 
Wz[C) C J, with the embedding induced by the projection from C . 

3. C is bielliptic and there is a finite number of bielliptic structures a : C — > 
Ei. Each such map defines an embedding %2 '■ Ei C C^ 2 \ The abelian 
subvarieties are: 

• j(Ei x Ei) = Ei C jiC^ x C^) (of dimension one), 

• j(Ei x E v ) C j(C^ 2 ^ x C^), with i ^= i', (of dimension two), and 

• j(Ei x C^) - two-dimensional families of elliptic curves. 

4. C admits a map h : C — > C of degree two onto a curve of genus 2, and 
A = CW. 

Corollary 10.4. There is a divisor D C such that abelian subvarieties in 

j(C*( 2 ) x C^ 2 )) are contained in j(D x U x D). In the hyperelliptic cases 
1 and 2, the components of D are defined by the curves of two-cycles of degree 
4 and 3 maps. In Case 3, a bielliptic structure defines an elliptic curve in 
which is a component of D. In Case 4, « component is given by C of genus 2 
embedded into C^ . 



The remainder of this Appendix is devoted to a proof of Theorem 110.31 We 
use the results and techniques from (AH91J. 

First we consider the case when C is hyperelliptic. Then j(C^ x C^) C J 
coincides with W^{C), the image of CW. 

Lemma 10.5. Let C be a hyperelliptic curve of genus g(C) > 4. If Wi{C) contains 
a nontrivial abelian subvariety A then: 

1. dim A = 1 and there is a surjective map / : C — > A of degree 3 or 4, and 
the embedding of A into W 3 (C), resp. W±{C), is induces by this map. 
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2. There is a surjective map / : C — > C of degree 2, where g(C) = 2, and 



Proof. By Theorem 4 of [AH91j . if A C Ws(C) is an abelian subvariety and 
g(C) > 4 then A is an elliptic curve and C admits a map C — > ^4 of degree < 3, 
which defines the embedding of A into W^C). 

Let A c W4(C) be an abelian variety. Let A 2 = A + (a) C Wg(C) be the 
translation of A by an a € A(k). Each a £ ^(fc) defines a line bundle L a on C 
(of degree 8). By Lemma 1 in |AH91j . 

dimH°(C,L a ) > dim A + 1. 

By Lemma 2 in [AH91| . if dimH°(C, L a ) — 2 then A has dimension 1 and there 
is a map C — > ^4 of degree 4. 

Now assume that dimH°(C, L a ) > 3, for all a. Then 8 < 2g(C) - 2. Since C 
is hyperelliptic the map 

4> a : C-^f (a) , 

where r(a) = dimH°(C, L a ) — 1, is not birational onto its image. Thus C satisfies 
the assumptions of Lemma 3 [AH91j and we conclude that either A C W~(C), 

where 2 < d < 4, or there is a nontrivial factorization 

C -A C -> P r(Q) 

and an embedding A C VFj(C), with d = 4/ deg(p). Since C is hyperelliptic, 

= Wg^C) =W^ 2 (C). 

We now apply Theorem 3 |AH91j : if ^ C T^ 2 (C*) and g(C) > 3 then C is not 
hyperelliptic, contradiction to our assumption. If d = 1 then A C Wi(C) and 
hence C* = A is an elliptic curve and we are in Case 1. 

If d = 2, then AdW 2 {&) and either 1 < g{C) < 2 or C is bielliptic. If C* were 
bielliptic we would get a degree 4 map from C onto an elliptic curve. If g(C) = 1 
then C is bielliptic, contradicting the assumption on the genus of C. If g(C) = 2 
then A = W 2 {C). □ 

From now on we assume that C is nonhyperelliptic. In particular, does 
not contain rational curves. 

Assume that the map j : x — > J is an embedding outside of the 
diagonal A U 8. Then A C j(C (2 *> x C< 2 )) lifts birationally to x C< 2 ) and 
the image of A in each projection to C^ 2 ' must be an elliptic curve or a point. 
It follows that A is contained in a product of elliptic curves in x C^ 2 \ It 
remains to apply the following lemma (see, e.g., |AH91j ). 

Lemma 10.6. Assume that C is a nonhyperelliptic curve of genus g(C) > 4. Let 
C C be a curve of genus 1 or 2. Then there is a degree 2 map C — > C*. 
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Now we assume that there is a nontrivial subvariety Z C C^ 2 ' x not 
contained in the diagonal A(C^ 2 ^) such that j : Z — > J is not an embedding on the 
complement of A(C^). This occurs only when C is one of the curves satisfying 
Mumford's theorem HO In particular, W$(C) ^ 0. 

A map / : C — > P 1 of degree 4 determines a possibly reducible curve 

C f := (C x P i C\ A(C)) /Z/2, 

where the Z/2-action interchanges the factors. The curve C/ parametrizes un- 
ordered pairs of points (c, c') in the fibers of /. We have a natural embedding 
£/ : C/ C C^ 2 ) and a projection 77/ : C/ — > P 1 of degree 6. In addition, there is a 
natural nontrivial fiberwise involution t : Cf — > C/ which maps the degree 2 cycle 
(c, c') into the complementary cycle in the same fiber of /, i.e., if (c, cf, cf' , c'") is 
a fiber of / then i{c,c!) = (c",c"'). The map g : C//t = C s — > P 1 has degree 3. 
The curve C g parametrizes the splittings of the fibers of / into a pairs of degree 
2 zero-cycles. 

Let TI2, «2,2, TI3, 114 be the number of different ramification types for / : C — > 
P , i.e., n, is the number of fibers of / with one ramification of multiplicity i, for 
i = 2, 3, 4, and ri2,2 the number of fibers with 2 simple ramifications. 

Lemma 10.7. Assume one of the following holds: 

• Cf is irreducible and at least one of the 712, n.3 or 714 is nonzero or 

• Cf is reducible and / : C — > P 1 is not a Galois covering. 

Then 

g{C g ) > ~g(C) > 3. 

Proof. The Galois group Gal(/) of the 4-covering / : C — * P 1 is one of the 
following 

6 4 ,a 4 ,D4,Z/4,Z/2eZ/2. 

The curve C/ is irreducible iff Gal(/) acts transitively on the subsets of 6 un- 
ordered pairs of 4 points. This is the case of 64, 2Lj. In the case of T>4 and Z/4 the 
set of 6 unordered pairs splits into two orbits of orders 4 and 2, respectively, and 
in the case of Z2 © Z/2 there are orbits of order 2. This determines all possible 
splittings of Cf. 

Note that for D4, Z/4 the curve C is isomorphic to a connected component of 
C f and there is a natural involution 8 on C given by a central element of order 2 
in 1)4 and Z/4, respectively. The quotient hyperelliptic curve C/9 coincides with 
the second component of Cf, so that Cf — C U C/9. 

It is easy to obtain numerical characteristics of Cf and C g in all cases. By 
Hurwitz' formula, 

2g(C) - 2 = n 2 + 2n 2j2 + 2n 3 + 3n 4 - 8. (25) 
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There is a natural correspondence between the ramification diagrams for the 
fibers of C, C g and Cf. Write (ii, . . . ,i r ) for the ramification type of a fiber of 
the corresponding map to P 1 , a smooth fiber of a map of degree r corresponds to 
(1, . . . , 1), r-times. We have 



c 


c 9 


Cf 


(1,1,1,1) 


(1,1,1) 


(1,1,1,1,1,1) 


(2,1,1) 


(2,1) 


(2,2,1,1) 


(2,2) 


(2,1) 


(4,1,1) 


(3,1) 


(3) 


(3,3) 


(4) 


(3) 


(6) 



Note that the action of Z/2 on the fibers of Cf is free only in the first and third 
cases. We obtain 

&( C g) = \ n i + \ n2 - 2 + "3 + n 4 - 2. 

Using ([25l> . 

1 3 
2g(C a ) = n 2 + n 2 ,2 + 2n 3 + 2n 4 - 4 > -n 2 + n 2j2 + "3 + ^n 4 - 3 = g(C) 

and 

\n 2 + n 3 + ~n 4 - 1 = 2g(C s ) - g(C) 

and hence g(C s ) > 3, if either g(C) > 5 or some singular fibers of / are not 
of type (2,2). Note that if the action of Z/2 is free on Cf then n 22 = and 
g(C s ) = g(C) + 1 > 5. 

Consider the reducible case with the Galois group 2)4. As explained above, 
C is obtained as a quotient of the Galois cover by a noncentral Z/2 C ©4. Thus 
there is also an action of a central Z/2 on C. The family of degree two cycles splits 
into a curve C and C/Z/2. The only singular fibers are (2, 1, 1), (2, 2), (4) and 
the corresponding fibers or (1, 1), (2), (2), respectively. Thus C g is a hyperelliptic 
curve and Cf is a double covering with ramifications over points in C g with some 
of them not belonging to the invariant points of the hyperelliptic involution. If 
the Galois group is Z/4 then Cf is a double covering of C g , doubly ramified over 
ramification points of C g — > P 1 . This gives a lower bound on the genus of C g : 

3 

g(C) = -U4 - 5 and g{C g ) = n 4 - 1. 

Thus 



2g(C7 s )>g(C). 

When Gal(/) = Z/2 © Z/2 the curve C is actually a fiber product of two hyper- 
elliptic curves over P 1 . □ 
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We continue the investigation of Z. Consider the map 

c f xc f ^h x c ( v J_> j. 

There is natural action of 2) 4 onC/xC/ which contains the permutation of fibers 
i and fiberwise involutions (1, id), (id, 1) on Cf x Cf. 

Lemma 10.8. Let / : C —* P 1 be a map of degree 4. The restriction of j to the 
image £/(C/ x Cf) is the composition of the quotient by the involution i o (l, l), 
which is conjugate to i, with a birational embedding, which is an isomorphism 
onto its image on the complement to the diagonal A(C^) and 

|J ^(C f xC f )cC( 2 'xC< 2 ', 
over all other 4-gonal maps /'. In particular, we have a factorization 

Cf X Cf L C (2) x C (2) 

j 

cf - J. 

is 

Proof. Consider the pair of cycles (x\,x 2 ), (2/1,2/2) € Cf x Cf. Then 

(xi +x 2 ) - (-(2/1,2/2) = 2/1 + 2/2 - l(x 1 ,x 2 ) 

which implies that j factors through the quotient by io (1, l) and hence Cf xCf C 
Z. Assume that 

(xi + x 2 ) - (zi + z 2 ) = (2/1 + y 2 ) - (»i + w 2 ), 
where (z\ + z 2 ) 7^ i{yi,y 2 ). Since C is nonhyperelliptic, 

(zi + z 2 ) ^ (x 2 + x 3 ), (x 2 ,x 3 ) = l(x!,x 2 ) 

and we obtain 

2/i + 2/2 + z\ + z 2 = x\ + x 2 + w\ + w 2 

which corresponds to a different 4-gonal structure /' on C with (x\,x 2 ), (2/1,2/2) C 
Cf,xC r . □ 

Corollary 10.9. If Cf is irreducible then for any other Cf the intersection 

^(Cfxc f )ne r (c r xc r ) 

is finite. Hence the image j o £/(C/ x Cf) is birational to Cf . 
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Proof. Mumford's theorem 110,21 implies that there is at most a one-dimensional 
family of 4-gonal structure on C. Hence the intersection of &{Cf x Cf) with the 
union oi£f,(Cf< x Cf), over all other 4-gonal structures /', is at most a curve in 

e f (c f x c f ), □ 



Lemma 10.10. Let Z° C C (2) x C (2) \ A(C (2) ) be the maximal subvariety such 
that j restricted to Z° is not an isomorphism onto its image. Let Z be the Zariski 
closure of Z° in C (2 ^ x C (2 \ Then 

z = u f z f , 

over the set of 4-gonal structures on C. Here Zf = Cf X Cf. 
Proof. Assume that 

j((x,xi), (y,yi)) = j{{y2,yz), (x 2 ,x 3 )). 



Then 



and hence 



(x + xi) - (y + yi) = (y 2 + 2/3) - (x 2 + x 3 ) 



(x + xi) + (x 2 + x 3 ) = (y + yi) + (y 2 + ys) 

which means that for any z,w £ C^ x C^ 2 \ z ^ w with j(z) = j(w) there is a 
4-gonal map / so that z,w £ Cf x Cf and l)(z) — w. □ 

Corollary 10.11. If C is not hyperelliptic then j : C^ 2 ' x C^ — > J is a birational 
isomorphism onto its image. 



Proof. Indeed, Mumford's theorem 110.21 implies that the family of 4-gonal maps 
on C is at most one-dimensional. Hence Zf has dimension 2 for any 4-gonal 
structure. Since we have at most W\(C) in the nonhyperelliptic case, Z is at most 
a one-dimensional family of surfaces and the map j is an embedding outside of Z 
and 5. Thus j is a birational isomorphism onto its image. □ 

Lemma 10.12. Any abelian subvariety A S j(C^ 2 ' x C^) which is not in j(Z) is 
contained in either j(Ei x C^) or j(C^> x Ei), where E\ C C^ is an elliptic 
curve. This embedding corresponds to a bielliptic structure hi : C — > Ex- 
Proof. Let A £ j(C (2) x C (2) ) \ j(Z). Then = A is birationally isomorphic 
to A. The projections 7Ti,7T2 : A — > C'- 2 -' map it either into an elliptic curve Ei 
or into a point. Indeed, by assumption on C the surface C^ is of general type 
and does not contain a rational curve since C is not hyperelliptic. Thus the image 
ni(A), i = 1,2, is an elliptic curve for at least one i — 1,2, for example m. By 
Theorem ll0.3l C is bielliptic with an embedding Ei =-> C^ corresponding to the 
bielliptic structure hi : C E t . Thus icfiix C (2) . □ 



44 



Corollary 10.13. If A C j(C (2) x C (2) ) does not correspond to Case 3 of Theo- 
rem UMH then A C j(Z). 

Let us consider individual sub varieties Zf C Z. 

Lemma 10.14. Let C be nonhyperelliptic, of genus g(C) > 4. Then the irreducible 
curve Cf is not bielliptic. 

Proof. Assume that Cf is bielliptic. Then C g is also bielliptic. Indeed, consider 

(21 (2) 

the bielliptic map Cf E. There is a degree 4 surjective map Cj^C g which 

(2) 

maps an elliptic curve E C Cy to an elliptic or a rational curve. In the second 
case, the involution on Cf maps to a hyperelliptic involution on C g . 

C f E 



G g pi 

If Cf,C g are irreducible then C g is trigonal. Hence g(C s ) < 2. However, by 
Lemma \1 0.7\ g(C g ) > 3, contradiction. Thus the image of E is an elliptic curve 
and the diagram is: 

Cf E 



C g s- E = E/Z/2, 

where E — > E is an unramified covering of degree 2. Thus C g is bielliptic and 
trigonal and Cf — > C g is an unramified double cover induced by E — > E. 

This implies that g(C g ) > 4. Indeed, if the trigonal structure C g — > P 1 were 
invariant with respect to the bielliptic involution i then the latter would induce 
an involution i! on P 1 . Since i! has exactly two invariant points all the invariant 
points of l are contained in two fibers of the map C g — > P 1 . Thus C g is a degree 
2 covering of -E ramified in at most 6 points which implies the result. If on the 
other hand, C g — > P 1 is not i-invariant then C has 3 different trigonal structures 
and hence maps birationally into a curve of bi-degree (3,3) in P 1 xP 1 . Then 

2g(C7 9 ) - 2 < 3(ifi + H 2 ){H l + H 2 ) = D(D + K) = 6 

and hence g < 4. Note that the genus of C is equal to g(C g ) — 1 which follows 
from ([25]) because of the absence of 2, 2 and 4 fibers in this case. This finishes the 
proof of the lemma. □ 

Remark 10.15. The construction above is part of the classical Prym variety con- 
struction with J = Prym(C g ,0), where 9 is a point of order two defining the 
nonramified covering Cf. Thus 

g(C) - dimPrym(C s , 6) = g(C g ) - 1. 
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Lemma 10.16. If C is not a plane curve of degree 5 then any abelian subvariety 
in the image j(C^ x C^) C J is contained in |L Zf, over all / defining 4-gonal 
structures on C, with reducible Cf. 

Proof. If Cf is irreducible then C^ does not contain an elliptic curve by 
Lemma [10.141 The set where the map is not bijective coincides with the intersec- 
tion locus with other Cf xCf. Since under the assumption of the lemma there is 
only a finite number of 4-gonal structures which don't correspond to a bielliptic 
structure, the one-dimensional families of Cf correspond to bielliptic maps. They 
define the only curves in C^ where 

if : C^p \ A(C/) — > J 

is not an isomorphism. Thus only reducible Cf contribute abelian subvarieties in 
the image. □ 

Lemma 10.17. If Cf is reducible and j{Zf) contains an abelian subvariety then: 

1. C is bielliptic and / : C — > P 1 is a composition C — > E with an involution 

(2) 

on E. Then Cf' contains E. 

2. The map / : C — > P 1 is a composition of a degree two map C — > C onto 
a curve of genus two and a hyperelliptic projection C — > P 1 . In this case 
i{Zf) contains the abelian surface i(C^ 2 '). 

3. If Z/2 © Z/2 acts on C then we get a combination of the above two cases, 
depending on the genus of the curves Cj . 

Proof. It is evident that in all of these cases there is an abelian subvariety in 
j(Zf). In cases ©4,Z/4 the image of j(Zf) is a birational embedding for three 
surfaces 

C (2 \(C/8) (2 \C x (C/0) 

into J. Thus if C is not bielliptic the abelian subvariety may be contained in 
C x (C/8) (and then C/9 is an elliptic curve - contradicting the assumption) or in 
(C/6)( 2 >. The latter is hyperelliptic and hence (C/0)^ 2 ' does not contain elliptic 
curves if g(C/0) > 3. Thus the only possibility is g(C/9) = 2 and [C/6)^ is 
birational to an abelian surface. 

Similarly, in the case of Z/2 © Z/2 we have a union of d x CV, i ^ i' and 

(2) 

C\ which implies the result. □ 

Thus we have shown that unless C is a smooth plane curve of degree 5 and 
genus 6 the abelian subvariety is contained in j(Z) only in the cases described by 
the theorem. 

Lemma 10.18. Let C C P 2 be a smooth plane curve of degree 5. Fix a point c G C. 
Let / = f c be the 4-gonal structure on C defined by projection from c. Then 

1. Z is irreducible, 

2. Z contains an open subvariety Zq C Z such that any point in Zq is con- 
tained in a unique Zf c , 
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3. there is a rational map tt/ : Z — > C with the closures of a fiber n ^ 1 (c) = 
C fc xC fc ,ceC, 

4. the map j on Z has degree 2, 

5. the map j on Zq commutes with Hf and there is a commutative diagram 
of maps 

TTf 

z ^ C 

j 

j(Z) c, 

6. any abelian subvariety A C j(C^ x C^) is contained in j(Zf c ) for some 
ceC*. 

Proof. We have already proved that any abelian subvariety in j(C^ 2 ' x C*- 2 -*) is 
contained in j(Z) = |Jj(2/ c ) since in the case of a smooth curve of degree 5 any 
linear series in Wl{C) corresponds to one of the four-gonal maps f c , c € C . 

First we show that Z C x< 2 ) is irreducible. As we have mentioned Z is a 
union of varieties C/ c x C/J, c € C. It suffices to show that a generic curve C/ c 
is irreducible. If C/ c is not irreducible then by Lemma flO. 171 there is a Z/2 action 
on C, with center c of the projection f c fixed by this action. The structure of a 
smooth projective curve of degree 5 is unique on C and hence the group Z/2 above 
is a subgroup of a finite subgroup Ic C PGL 3 (/c) which stabilizes C C P 2 . Since 
there is only a finite number of subgroups Z/2 6 /c 1 , the a number of projections 
f c such that C/ c is reducible is also finite. Hence Z is irreducible. 

Any two-cycle {x,x\) on C defines a unique line l(x,xi) with l(x,xi) n C 
containing When x,x\ are different, l(a;,a;i) is the unique line through 

x,x\. When x = x\ then \{x,xi) = i{x,x) is the tangent to the smooth curve C 
at x £ C. Let {{x,xi), (y,yi)) be a point in Z. 

If t(a;,a;i) ^ l(y,yi) then [(a;, £1), [(y, yi) intersect at a unique point c € C 
This defines a rational surjective map 

Tr f : C7( 2 > x _» C 
((x, xi), (y, yi)) i-> c := [(a;, a?i) n yi) 

from an open subvariety Z° C defined by xi) 7^ [(y,yi). If [(x, xi) = 
l(y, y\) then the points x,xi,y, yi belong to the same 5-cycle in the intersection 
t(x, Xi) D C . If x + x\ + y + y\ is the fiber of f c defined by the fifth point c in the 
intersection [(x,xi) n C then 7r/((x,xi), (y,yi)) — c and hence 7r/ is well-defined 
on such ((x,xi), (y,yi)) G 

Thus 7T/ may fail to be well-defined only on the surface 

Si = {((x,xi), (x,x 2 )) C Z, I I(x,xi) = [(x,x 2 )}. 

Consider the restriction of j on Zq = Z\Si. Let us show that j is exactly of degree 
2 on Z and j(St) C j(C x C), where C C J = J 1 is a standard embedding. 
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Indeed, assume that ((x,x\), (y,yi)) € Zq. Then they define a unique point 
c which is either the intersection point l(x, x\) n l(y, y\) or the the fifth point in 
the intersection l(x, x\) — l(y, yi) n C. The equality of zero-cycles 

(x + xi) - (to + wi) = (y + yi ) - (z + z\) 

implies 

(x + x\) + (z + zi) = (y + yi) + (w + 101). 

Thus if l(x,xi) 7^ l(y,y\) then l(x,x\) — l(z, z\), l(y, t/i) = l(w,wi). Hence 
Lf c (x,xi) = L fc (y + yi). We also have nf((x,xi),(y,yi)) = wf((w,wi),(z,zi)) 
which yields the result in this case. 

In the second case, (x + x\) — (x% + X3) = (z\ + Z2) — (wi + W2) implies 
(x+xi) + (wi+w 2 ) = (x 2 +x 3 ) + (zi + z 2 ) and that l(wi, w 2 ) = I(a;i,a;2), l(zi,z 2 ) = 
i{x 2 +X3). Hence both cycles are contained in [{x,x\). Unless {wi,w 2 ) = (x 2 ,X3) 
and (2:1,02) = (x,xi) there is a relation between two positive cycles from 
l(x,x\) n C of degree < 4 which cannot happen since C is neither trigonal, nor 
hyperelliptic. Thus we showed that the map j : Zq — > j(Zo) is a map of degree 2. 
If ((a;, xi), (x, x 2 )) C S{ then 

j((x, xi), (x, x 2 )) =xi-x 2 e j(C x C). 

This completes the description of the map j on Z. 

Thus j commutes with the map 717 on Zq and defines a rational surjection 
ir' f : j(Z) — > C. For any A C j(Z) \ j(C x C) the image of Tr' f (j(A)) is a point. 
Hence any such A is contained the closure of the fiber of n'^ which is equal to 
j{Zf). On the other hand, j(C x C) does not contain any abelian subvariety and 
hence the above statement holds for any abelian subvariety in j(Z) or equivalently 
in j(C^ x C^). ' □ 

Corollary 10.19. If C is smooth plane curve of degree 5 then any abelian subvariety 
ofj(Z) is contained in one ofthej(Zf). Moreover, a maximal abelian subvariety 
A C j(Z) C j(C^ x C^ 2 )) is necessarily of dimension 2 and it exists only if there 
as an action o/Z/2 onC. In this case g(C/Z/2) = 2 and A = J(C/Z/2). There is 
exactly one such subvariety for any subgroup Z/2 in the group of automorphisms 
ofC. 

Proof. The number of ramification points is at most 6 since they are contained 
in a union of a Z/2-invariant point and a line in P 2 . By the genus calculation, 
g(C/Z/2) = 2. This curve defines an abelian surface in J. □ 

This completes the proof of the main theorem apart from the case of a trigonal 
curve C. 

Lemma 10.20. Let C be a smooth projective curve of genus g(C) > 4. If C has a 
trigonal structure then it is unique. 
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Proof. Two distinct structure would give a rational embedding of bidegree (3, 3) 
into P 1 x P 1 . The genus computation shows 2g„(C) - 2 = (3, 3) • (1, 1) = 6, 
where g a (C) is the arithmetic genus of the image of C . Hence g a (C) — 4 and 
g(C) < ga(C), contradiction. □ 

Lemma 10.21. Assume that C is trigonal curve of genus g > 4, with a projection 
h : C — > P 1 of degree 3. Then j{C^ x C^) C J contains no abelian subvarieties. 

Proof. First of all, C is neither bielliptic, nor hyperelliptic, nor a plane curve of 
degree 5 (cf. |AH91j ). Moreover, the trigonal structure is unique (see [ACGH85]). 
Each point c £ C defines a degenerated 4-gonal structure. Apart from these, 
there are only finitely many other 4-gonal structures. Since the trigonal structure 
on C is unique there is no Z/2-action on C, by the same genus estimate as in 
Lemma [10.141 Hence for any additional 4-gonal structure on C the curve Cf is 
irreducible. 

We have two maps 

d i— ► d + c 

where c £ C{k) and 

x ■ c -> c& 

c'^c" + c"', 

where c', c", d" are in the same fiber of the projection defining the trigonal struc- 
ture. 

If follows that 

Z = U f C f x C / (Ju ceC(fc) ( 7 r c (C7) U X (C)) 2 C x C (2 \ 

where / runs over a finite set of nontrivial 4-gonal structures. 
Thus 

j(Z) = Uj(C x C) U j{C^ x x(C))\Ju f j(Z f ), 

where / runs over (a finite set of) nondegenerate 4-gonal structures on C. 

Note that j(C x C) and j(Zf) do not contain abelian subvarieties. Consider 
(x,y) x (c,d),\z,w) x (s,s') £ x x(C*). Then 

y), (c, d)) = j((z, w, ), (s, s')) 

if 

(x + y) — (c + d) = (z + w) — (s + s') 

which is equivalent to x + y + d = z + w + s' . The uniqueness of the trigonal 
structure implies that (x,y) — (c,d) and (z, w) — (s,s'). Hence the additional 
gluing in j(C 2 x x(C)) occurs only on the diagonal in x(C) x x(C). 

Thus there are no abelian subvarieties in j(C^ x C 12 ^). □ 
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